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Abstract : This article consists of two parts.First,we study boolean
algebras.

Boolean algebras are famous mathematical structures.Tarski showed
the decidability of the elementary theory of Boolean algebras.In this
paper, we study the different kinds of Boolean algebras and their
properties. And we present for the first-order theory of atomic Boolean
algebras a quantifier elimination algorithm. The subset relation is a
partial order and indeed a lattice order,And | will prove that the theory
of atomic Boolean lattice orders is decidable, and furthermore admits
elimination of quantifiers.So the theory of the subset relation is
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decidable.And we will study decidability of atomlss boolean
algebra.Second part,

Of this paper we show that the structure of rational numbers in different
languages has the property of quantifier elimination,and hence is
decidable.This proofes are organized in two parts. We first review some
classical theorems and will give new proofs for old results.In second
part,we will show decidability and axiomatization of the structure (Q, )

Keywords: Boolean algebras, Decidability,Model
Theory,Quantifier-Elimination

Introduction

A (non-strict) partial order is a binary relation < over a set P
satisfying particular axioms which are discussed below. When
a<b,we say that a is related to

b .The axioms for a non-strict partial order state that the relation
<is reflexive, antisymmetric, and transitive. That is, for all

a, b, and ¢ in P, it must satisfy:

* a <a (reflexivity: every element is related to itself).

if a<b and b<a, then a=b (antisymmetry: two distinct elements
cannot be related in both directions).

if a< b and b<c, then a<c (transitivity: if a first element is
related to a second element, and, in turn, that element is related
to a third element, then the first element is related to the third
element).

Boolean algebras was first intoduced by Boole in an effort to automate
reasoning.Since that they have been extensively studied, and have
proved fundemental in numerous application areas.We consider the
structure (B,v,A,’,0,1)where B isa set.v, are binary operations in B,

'is @ monary operation in B and0,1< B So, we have for x,y,z eB:
XV Y=YV X XAY=YA X



xv (yv z)=(xvy)v zxa (yarz)=(XxAy)Arz
X=XV (XA Y) X=X A (XVY)
XA (yv z)=(xAy)v (XA 2)
Xv (YA z)=(xv y)a (xv z)

XA X = XV X-=

An atom in Boolean algebra is an element x such that x= 0 and if
y<X, then y=0. We will define a first order formula At(x) with meaning
X is an atom:

X0 & - y(y=0\& XA y=y)

And if B be a Boolean algebra.lt is said that B is atomic iff for every y
e B,y=0, there is xe B such that x is an atom and x< y. | am trying to
describe the concept of an atom in a Boolean algebra.let I={ a,b{be a
set,and P(N={¢,{a {,{{ b {{ ab{{and A={s \{ a {,{ a,b{{be one of
the possible algebras of subsets of | .we have A being an algebra of set,
it is also a Boolean algebra.

} a {is atom.In any partially ordered set with a minimum element, an
atom is element that covers the minimum element.And let X={

a,b,c{ be a set, and

A={ ¢ {a{{b { X} be one of the algebras of subsets of X
Now, an element inis a atom if, for every yeA , either xA y=x or

xAy=0.s0 } afand } b,c { are the atoms of A so, every singleton set
IS an atom.

Example 1.Let Z denote the set of integer,
Bz=( Powerset{Z}),un.,", ¢,Z )

is a Boolean algebra of sets.In this algebra for each} i{is an atom.This
algebra is atomic.
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We show that a finite Boolean algebra is made of its atoms.

Becase:

*Boolean algebras can be ordered by X< y < Xv y=y < XA y=X
«Atoms are exactly the minimal nonzero elements, i.e. a is an atom iff
O<aand

O<x<a = x=a.

*In a finite Boolean algebra each element is join of atoms such that
below of it.

x=v{aeB|as<x &aisatom {

By finiteness, ifz=x-y, z=xAr- y=#0, so we have an
atom below z.

Lemmal. A finite Boolean algebra is atomic.

proof:lt is to be shown that every non-zero element p is atomic.If p
itself is an atom, we are done. If not , then there must be a non-zero
element p, strictly below p.If p»

Is an atom, then again we are done. If not ,there must be a non-zero
element

p sstrictly below p, ,and so on. Eventually this process must lead to an
atom below p,otherwise, the Boolean Algebra would have an infinite ,
stirictly descending chain of elements, contradicting the assumption
that the algebra is finit. Finite Boolean Algebras embedded into P(n).A
Boolean Algebra is atomless if it has no atoms.Every atomless Boolean
algebras with more than one element must be infinite.Indeed,the unit 1
is different from zero, so there is a non-zero element p. strictly below
1;otherwise, 1 would be an atom. Because pis not zero,there must be
a non-zero element p vstrictly below p.;otherwise,p \decreasing
sequence of elements 1>p\> p «>....

The interval algebra of the real numbers is atomless. Also the interval
algebra of t\she rational numbers is atomless, or the regular open
algebra of the sace of real numberes is atoless.

The axioms of the theory of atomless a Boolean algebrasare the
universal quantification of the following formulas.



XAY=YAX, XvY=YyvX

XA (Yrz)=(xay)Mand z, xv (yvz)=(Xvy) vz

(XAY) vy=y, (Xvy) Ay=y

XA (YvZ)=(XAY) v (XAZ) , Xv (YAZ)=(XVYA (Xv2Z)
XAX=0, XvXx=1

—At(x) ,0=1

Recall that At(X) =x20& -3 y(y=0 & xay=y)and 0=1
We have mentioned the contents and theorems and examples
from.[1,3,4]

Subsection 1:Deciding Boolean Algebras

At the study of Boolean algebras, we show decidability and
undecidability questions for the class of Boolean algebras,And We
describe an algorithm for deciding the Boolean algebras.A basic result
of Tarski is that the elementary theory of Boolean algebras is decidable.
Even the theory of Boolean algebras with a distinguished ideal is
decidable. On the other hand, the theory of a Boolean algebra with a
distinguished subalgebra is undecidable. Both the decidability results
and undecidablity results extend in various ways to Boolean algebras in
extensions of first-order logic.

Theoreml.Let P(l) is denot the power set of |I. We have
(P(),c,u,n, ") is Boolean Algebra.
Because:
For P,Q,Rc I,P,Q,Re P(I) ,we have:
Pn Q=QnP,Pu Q=QuUP
PN (QnR)=(PnQ)nR,PU (Qu R)=(PU QU R
P~ (Qu R)=(PnQ) u (PnR),Pu (Qn R)=(Pu Q) n (PUR)
Pl =P,PuUg=P$\
PnP'=¢,Pu P=I

The axioms of the theory of (P(l), <, n,u,'):
1) aca
2)acbca —» a=b
3)ach cc —acc
4)Z2cXY < ZSXNYy
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5) X,y cZ &Xuy cZ
6) ¢ =X

7) Vx3y (xcy) x=y
8) b~ (a\b)= ¢

9) (anb) U (a\b) =a$

Subsection 2:An algorithm for deciding the theory Boolean
algebras.

We present an algorithm and show how decide.We have some
definitions:

.L:{g y M, Y 1A\ 81:1 ¢ ,Cn,En, € N+}

*A@) oVX[xca > x=¢v x=a]lrazg
C,(X)=3a..a, (rga=aa A" LA A ALaC X)
*E,(X) =C,(x)A = C,..(X)

*The next step of the algorithm is eliminate =:
Because: a=b < acb aAbca

eeliminate ¢

Because: ach<a\b=¢ < E,(a-h)

«And eliminat: —
Because:

- En(X) & CM( )v A E(X)
Quantifier-Elimination for Boolean formulas is as follows:
°L={ Nn v = {Cl}{E}ne N+}
We have the following\\
.R:{:‘{Cﬂ}nzo gl{ En}nzo}
F={AF,A F, |[Fv F|-F]3F|VF|
*A={B,=B,|B, < B,|C,(B).E,(B)}
B ={x|¢|1|B,~ B,|B,U B,|B‘}

n={ |1 }




So it is enough to consider only the following formulas:
C,(x)=|x/>= n E,(x)=|x|=n Contradictions of liters are eliminated

according to the above definitions.

—|x=n < |[x|=0v .. v [x]=n-1v |[x> n+1

— X< n e|=0v..v |x=n-1

So at this step we've removed some of the relationships as follow:

1.Eliminate equality: a=b<«> ac b Abc a

2. Delete inclusion: ac b « \am be

3.Eliminate contradictions:
- C,(x) e v i,E(X)
—E,(x) < C.(x)v v E(X)

i<n i

Language to Quantifier-Elimination:
AU 4 {Cul g { Bl
term:
XgNuU®
Quantifier Elimination:
In theresulting formula, each set variable x occurs in some term [t(X)|.

each set expression |t(x)| as a union ofcubes (regions in the Venn
diagram). The cubes have the form N, “wherex® is eitherx; orx; ;

there are m=2" cubes. The resulting formula is then equivalent to:
IX(AC, (6 (X)) A ( v Eq (] (X)))

for example:



Elx(|xm < A xnl<

A le—X = )

3x(Cy(xn €)A C,(xm ) A E(c—X))

L
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o
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>
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>
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<
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o
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>
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o
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>
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~
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=
=

More explained in the table below:

TABLE |

The main formula Deleted
form

Ay . X y= ka ‘xm yel> L. | [X= k+l
x| > k+1

y .. xny|=ka ‘xm ye|> 1.

Ay .. xny|= ka ‘xm ye = L. | [X|= k+I

3y e XAy = kA [xoy = L | X = ke

Subsection 2: Examples

We have shown with the following examples:
Example.1.We have sets X, X;. (Shown in Figure 1)

(Figure 1)



Example.2.We have sets X, X3, X,. (Shown in Figure 2)

(Figure 2)
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C,()AE, () AE() AC,()=Chin(Xi)n Cpn(X5)
C.()AE, () A B () A Ey ()= Coun (Xi)A Cri (X7)
E,()AC() ACL(1) AC,()=Cphu(X)n Cpn,(Xy)
E,()AC() AE () A C( )= Con (Xi)n Cpin (X5)
E,()ACL() ~C() AE,()=Cpn(X)ACplp(Xy)
E,()AE () ACu () ~C( )= Cpun (Xi)n Cpin (X5)
E,()AE, () AE () AC,()=Ch(X)Ar Cpn(Xy)
E,()AE, () AC () A E, ()= Crin (Xi)A Cr (X5)
E,()AE, () ~E () AE ()= Cpo (X)A Cpn, (X,)

Subsection 3: atomless boolean algebra

we have the interval algebra of rational number .the intrval algebra of
the rational number is aomless.
lemmal.We have in every Boolean algebra:

pcPqcQPNnQ=¢pP Q= - p+qcP+Q

Proof:

p+qc P+Q .To show: p+g=\P+Q We assume p+q=P+Q so, ( P+Q).
p=P. p+Q.p ,Because Q p=gwe have:
=P.p+Q=(p+q). p

p p+q p

=q(anp =¢)
q= - — —

(P+Q) pa =qq=¢

Ppg+Qpg= < Pg+Qp=

= Pq=Qp=
Which contradicts with the assumption



lemma2.The following formulas are equivalent:

3x<rx: ASX= A ALUXZE A ALV XE )

= rs=0\land \exists y( A%, uTry = 0 A A

Proof:

=
If there is x such that,

IX=0A SX= A ALUXZE A ALV XE )

’X= A ISX= —>rs(x+>_<): —>rs( )= —>rs=

Uux= — uix(r+F)¢

1
—Uuxr+uxr = 0
uxr = 0

:>3x( A Uirx# A ATV ST )

&
Suppose rs=0, there is y such that ,

m - n v
Ny Ui Ty # A /\j:1Vj5y¢

We put,
X=r (s+y)
>_<:r+§§=(r+§)(r+§)
§(r+§)

We show,

A UX#E A ALV X#
UX= UT(S+Yy)=UTs+Ury D ury#

vjx=vjs(r+ y):vjsr+vjsy DVSy #

n
=1V

§9¢ 0)

11



12

Theorem1.The theory of atomless Boolean algebra in the language
L=( v —=)accepts the quantifier elimination.

:Proof

F={ARA F, |Rv F|-F|3F|VF}
A:{tl:tz}

T ={x[0jLft,v t|t, A t, [t}

we have: t=s
and t= S so

t= Ui€| (ﬂjeJ a{i,j})

such that a;; Is variable or complement variable.
Terms included X: x r+x s
Atomic formulas:

t=s< t s+t s=

t¢sc>t§+t_ #

Atomic formulas include X :

r. X+s.x=0

< 1. X=0 A s.x=0

& XCIASCXSI=0ASC X< ST=¢

Contradiction of atomic formulas include x :
F X+SX# S X# VvV SX#

so it is enough to eliminate quantifiers of the folloeing formulas:
3 x(rx: ASX= A A" UX# /\A?:lvji;t )

=rsS= A 3)’( ANLUTY # A /\r}=1vi

becuase:

=
if there is x such that



— m - n
rs=0 Hy( ALy = 0 A ATV,
)=0=rs=0
ux#= 0— uix(r+F) %0
= UXF + U XT #
= UXr#

VX £ o vj>_<(s+§)¢
= VXS+V,XS #
= V,Xs #

= Hx( A UTX# A AT VXS # )

=
we assume there was rs= and y such that
AP ury= 0 A /\rj‘:lngi;t 0
we put

X=r(s+y)
>_(:r+§§=(r+§) (r+§)

=5 (r+§/)
o)

rx=0,sx=0

it is enough to show

AL UXZE A /\rj':lvj)_(;t

X = uiF(s+§/): Urs+ ury o ury

VX = vjé(r+§/)=vj§r+vj§§/; Vsy #

so it suffices to eliminate the quantifier of the formula
Ely( ANnaY#E A ALDY# )

= ALa#*E A /\rj‘:lbj?&

=

it is obviously.

visy# 0) $0rsx=0, rsx =0=> rs(x+ x

13



14

<=
we consider all cells C_ including a;, bjboth cells are distinctly distinct
C,nC,=¢C, C,=

each set is equall tocommunity of cells contained in it

Z =and c,, for all Zand any cell C we have Cc Z.
with

Cc Z

Z# < 3a(C,cZ AC,= )

for any cells is not equall zero C,, from being atomless d, there is
such that

#d,c C, = IfCqy =0 put
dg =0,we putitnow y=>

C,#0 0‘

ay# O:aiyzaizC L4, =2 ad,

C,#0

3 C,ca AnCy#
#* dﬁg Cﬂ;t

by # by =ijCMd__ IT b,d,

0£C,

a

Forall C, we have C, c b, with C,cb,= C,o b,if C,= then
dagCaDdQ > b SOb

bJ y :Hcagbj jda :HO#C b jda

C,=0=d, =1

C,# = =d, cC,c
ZC#Cagbj da - 20¢Cagb Ca bj



15

b>d, #
ijO;: C,c b; da *

bjy;«é

The above proof we proved theory of Boolean algebras by the
quantifier-elimination is decidable.

Subsection 4:Structure of Rational Numbers in Different
Languages

A rational number is a number that can be in the form gwhere p and

q are integers and q is not equal to zero. All fractions, both positive
and negative, are rational numbers.

A few examples are45,—78,134,and—203Each numerator and each
denominator is an integer.Are integers rational numbers? To decide if
an integer is a rational number, we try to write it as a ratio of two
integers. An easy way to do this is to write it as a fraction with

denominator one% ,-8=_T8 .Since any integer can be written as the ratio

of two integers, all integers are rational numbers.

Theorem1.Theory (Q,<) admits elimination of quantifier..
Proof:

Step 1: Identify the terms:

In structure )Q;<) every term involving x is equal to,

n.x+t (n € N)
where X does not appear in t.
Step 2: Identify Atomic Formulas and Delete —if possible:
All atomic formulas are,
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u<v
u=v
First, we eliminate the inequality behind the atoms. Because,
X#Y & X< Y AY<X
X not<y < x=y v y< x \end{flushleft}

Step 3: Simplify atomic formulas:
So the following formula must be eliminated quantifier.

IX(AE< M XS A VN X< U A vk XY =wl)

Step 4:Uniform the coefficients x :

Let M is Multiply the coefficients by x.

M =Hi m, Hj niH| k'

I M< M X+Msi
m m

M M
M x+—tj < —U;
n; n;

|\/|X+MV| = MWI

| |
So the following formula admits quantifier elimination:

IX(AT < MX+STA A MXHE < UjA A MV =W,

Step 5: Remove the coefficient X :
We put y=Mx .So, we have

Hy(Air'i<y+s'i/\ A YHE < UGA A y+v',:w'l)
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We use the following equations
t=s < ct=cs

t<s < ct<es
So

Hx(/\iri< X+SA A X+, < U A /\Ix+v,:w,)

Step 6: Identification Phrases included X :

L<X+S <& L+t +V < X+5 +t+Y,
X+t < U & X+5+1+V, < U +5+V,
X+V, =W & X+8+t+V =5+t +w
P=s+t+y,

So

Elx(/\ir'i< X+PA Ay X+P< U A /\|X+P=w|')

we put y=x+P so we have,

Hy(/\iri'< YA A Y<U; /\/\lyzwl')
Therefore, it is enough to delete the quantifier in the following formula:
IX(AL< XA A X< UA A X=W)

Step 7: Identify the states:
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l# = A< WA Aj W< UjA AWy =W, = True
l= = EIX(/\iri< XA Aj X< uj)

I=j= = 3x(ar<x)=True

l=i= sﬂx( A X< uj)s True

| = N EHX(/\iri< XA A X< Uj)E /\i/\jr'< u; = True

Theorem2:The Theory of Addition )Q,+) admits elimination of
quantifier.
Proof:
Step 1: Identify the terms:In structure)Q,+) every term involving X is
equal to

n. x+t, (hneN)

Where x does not appear in t.
Step 2: Identify Atomic Formulas:
All atomic formulas are,
u<v
Uuz=V
Step 3: Simplify atomic formulas:
So the following formula must be eliminated quantifier.

IX( Ak XV =WA A;M; XN # S))

=3x( Ak X=UA Aymp XE )

Step 4:Uniform the coefficients x .
Let M is Multiply the coefficients by x.

M :Hi ki mJ'

So the following formula admits quantifier elimination:



IX(CAM xX=ui A A; M X =T

Step 5: Remove the coefficient X :
Put y=Mx .So, we have
AY( A Y=U A AjY#L)

We use the following equations
t=s < ct=cs

t#s < ct#cs
So

IX( AX=U A A XE L)

Step 6: Identify the states:

iz = AU =U A AU =t =True
i= Jj# = True

19

Theorem3.the Theory ( Q +- < ) admites quantifier - elimination.

and so has decidable theory .
Proof:
The following formula must be eliminated quantifier.

IX( A XSt A A; <My X+S))

Similar to previous proofs, admites quantifier - elimination. and so has

decidable theory .
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Theorem4. the Theory ( Q* x % R, ., < ) admites quantifier -

elimination. and so has decidable theory .

Proof: [10]

Similar to previous proofs, admites quantifier - elimination. and so has
decidable theory .

Theorem5:The theory of the rational numbers (Q;5 is decidable, and
moreover axiomatizable.

Proof: quantifier elimination for The theory of the rational numbers Q;
L):

pLq < Ime N (p m=q)
Structure (Q*;5 is equivalent With structure ((@+ x) First,We conclude
decidablity (Q" x ) of paper [10] .
so,the structure(Q™;5 Based on the article [10] is decidable .

We will express the axioms of rational numbers as follows:

Positive rational numbers are formed from two parts, the integer part
whose denominator is one, and the Intrevel Algebra of rational
numbers. The positive part of all the properties of natural numbers.So
we have the axioms of (N;5 and atomless Boolean Algebra and the

axioms of (Q" x ) so we have the following axioms for«Q*:5:

[1] VX (x £x)

[2] VXY (xLyLx—x=Yy

13]YX,Y,Z(xLyLz— xLz)

]4] VXY 3z zLxy AVE tExy—>tLz)]);z=x1y
5] VXY 3z xycz A Vixyct 5\zct), z=xvy
16] vV X (1 £x)

171v Xy [Vz(SI(z)[zcx—>zLy]) —Xcy]
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18] v X, ¥,z (SI* (X)ASI* (y) ASI* (2)A [(X,YEZV z X, y—>x Lyvy LX)
19] vx,a([SI* (@) racx] —>3b (SI*(b) racboxaVC(SI*(C) ALx; a)
—>c Ch))

110]VAL(x,aAnVAL(y,b) A [(a=b=1) v (a=1 Ab= 1 AV X [SI* (C) AD
~ €] »c/X) v (1 Lactb)] -VALXTY; a)&V AL(X Uy; a).

111] vX (X= 0— 3 a (P(a) &a £x))

112] vX (X200 —»3a(P(a) \& &arx)

113] vx 3s v a(P(@) — (V(a,x) #0 -V(a,s) #a)\& (V(a,x)=0 —»
V(a,s)=0)), s= SUPP (x) .

114] v x,y3z \foiall a(P@) - (arx—>V(@z=V(ay)) & ax —
V(az)=0)),z=T(xy).

]115-1] va, x( Sl(a,x) -3y (Sl(a,y)\& xcyey=X & vz ((Sl(a,2)\& 2)&x
L2y L)) Y =SuX).

115-2] va, X( Sl(a,x) Ax=0) -3y (Sl(a,y)\& S; (y)=X)), Yy = Pa(X)
116] vx 3y va (Pa — ((arx -V(a,y)=0)\& (@ £x ->V(a,y)= Sa
V(@ax)))), y=1(x)

117] vx vy3z va (P(a)— (V(a,z)=0or a\& V(a,z)=a— ((a£X 0rcy
V(ax)cV(ay)))

[18])( Ay=ynx,XxuJy=yux

[191xAy 2) = (xy) 2 xly 2) = (xey)-2

120](xr7y) vy =y (x wy) ry =y

121] x @y v2) = (x 7y) #(x 72) , x L (y) =(x y) 7 (x U2)

[22]X axi=1,x UXx'=Xx

[23] —P(a)

[24] ¥ xy,z(x.(y.Z)=(X.y).Z)

[Ye] v X(x.1=X)

[26] v x(x.x1=1)

[27] ¥V X,y(X.y=Y.X)

[28] Vv X(X"=1—>x=1)

129] v x,y(0<x<y — 3 z(x*'<z<y™),n> 1 $

130]YVy,o V1 3X VZ A XM Vi 2™

Conclusion
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Boolean algebras are mathematical structures important in many
branches of mathematics and computer science.Boolean algebras are
closely related to Boolean lattices and Boolean

rings.We prove here that the theory of atomic Boolean algebras is
decidable and furthermore admits elimination of quantifiers down to
the language including the Boolean operations and the relations
expressing the height or size of an object,| x[>n and | x|=n.The
structure of (Q,<)is decidable ,by quantifier elimination .The theory (

Q,+) admites quntifier elimnation.
Th(Q; x) is decidable.and

Q9 < (Q x)$
and azb — 3Ix (ax x=b) .We review that(Q™;L) is axiomatizable and
decidable.So this theory is complete.

Tabeles
The  first-order  theory  of Boolean  algebras, established
by Alfred Tarskiin 1940 (found in 1940 Dbut announced
in 1949). [2]

TABLE |
Theory of Proved A method of
by proof
Boolean by Tarski | model
algebras in 1949 completeness
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The decidability of the structure of rational numbers in
different languages is shown in the following tables so
that the theories of decidable by

vand, undecidable theories by xis shown.

Table Il
L Structures The
decidablity
of the
structures
<y (Q.<) N
{+} (Q.+) v
{x} (Qx) \
{<’+"90} <Q'<'+> \/
{c) (Q.C) v
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