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Abstract---A common situation that occurs in everyday life is that of 

queuing or waiting in line. The problem of queuing in relation to the 

time spent by patients to access clinical services is increasingly 
becoming a major source of concern to most health –care providers. 

As the patients wait too long for service could result to cost to them 

which is called as waiting cost. Providing good service capacity to 
operate a system involves excessive cost. But not providing enough 

service capacity results in excessive waiting time and cost. In this 

study, the queuing characteristics at the tertiary care hospital of 
Firozabad was analyzed using a multi-Server queuing Model and the 

Waiting and service Costs determined with a view to determining the 

optimal service level. Data for this study was collected at the tertiary 

care hospital for four weeks through observations, interviews and by 
administering questionnaire. The data was analyzed using TORA 

optimization Software as well as using descriptive analysis. The 

results of the analysis showed that average queue length, waiting time 
of patients as well as over utilization of doctors at the Hospital could 

be reduced at an optimal server level of 24 doctors and at a minimum 

total cost as against the present server level of 27 doctors with high 
Total Cost which include waiting and service costs. This model can 

also be used by decision makers and other policy makers   to solve 

other multi-Server queuing problems. 
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Introduction  

 

Queues or waiting lines or queuing theory, was first introduced by A.K. Erlang a 

Danish Engineer in 1913 in the context of telephone facilities. He was 
experimenting with the fluctuating demand for telephone facilities and its effect 

on automatic dialing equipment at the Copenhagen telephone System. Since 

World War II this theory has been applied to many business and human service 
fields. Literature on queuing indicates that waiting in line or queue causes 

inconvenience to economic costs to individuals and organizations. 

Healthcare/Emergency Services, airline companies, banks, manufacturing firms 
etc., try to minimize the total waiting cost, and the cost of providing service to 

their customers. 

 
In this paper the optimum total System cost is analyzed using waiting and Service 

cost. These two basic costs mentioned are costs associated with patients or 

customers having to wait for service (Wait Cost) which include loss of business as 

some patients might not be willing to wait for service and may decide to go to the 
competing organizations, cost due to delay in care or the value of the patient’s 

time (opportunity cost of the time spent   in queuing) and decreased patients 

satisfaction and quality of care. While Service Cost is the cost of providing 
service. These includes salaries paid to employees, salaries paid to employees or 

servers while they wait for service from other servers [18]. Cost of waiting space, 

facilities, equipment, and supplies. Using the estimation of waiting cost allows 
decision makers to have the capability of determining the optimal number of 

servers by minimizing the total cost including the service cost and the waiting 

cost. The cost of waiting for every individual differs depending on what the 
individual earns every hour. Some might have their cost of waiting in multiples of 

other people’s value.  

 

Reviews research on models for evaluating the impact of bed assignment policies 
on utilization, waiting time, and the probability of turning away patients.[11] 

reviewed the use of queuing theory in pharmacy application with particular 

attention to improving customer satisfaction. Customer satisfaction is improved 
by predicting and reducing waiting times and adjusting staffing. [20] Proposes an 

incremental analysis approach in which the cost of an additional bed is compared 

with the benefits it generates. Beds are added until the increase cost equal the 
benefits. [16] Considered a pharmacy queuing system with pre-emptive service 

priority discipline where the arrival of a prescription order suspends the 

processing of lower priority prescriptions. Different costs are assigned to wait-
times for prescriptions of different priorities. [4] Chose the number of messengers 

required to transport patients or specimens in a hospital by assigning costs to the 

messenger and to the time during which a request is in queue. The author also 

calculated the number of servers required so that a given percentage of requests 
do not exceed a given wait time and the average number of patients in queue do 

not exceed a given threshold. [7] Incorporated advertising into their model to 

control the demand for laboratory services. The model assumes that clients would 
leave without service if they wait above a certain amount of time. In this study, 

Waiting and Service Costs at the clinic using a multi-Server queuing model with a 

view determining the optimal service level was studied. 
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Materials and Methods 

 
The M/M/S Model 

 

The model adopted in this work is the (M/M/S) :( ∞ /FCFS) - Multi-server Queuing 
Model. For this queuing system, it is assumed that the arrivals follow a Poisson 

probability distribution at an average of λ customers (patients) per unit of time. It 

is also assumed that they are served on a first- come, first-served basis by any of 

the servers (in these case doctors). The service times are distributed 
exponentially, with an average of µ customers (patients) per unit of time and 

number of servers S. If there are n customers in the queuing system at any point 

in time, then the following two cases may arise: 
 

1. If n<S, (number of customers in the system are less than the number of 

servers), then there will be no queue. However, (S–n) number of servers 

will not be busy. The combined service rate will then be 𝜇𝑛 = 𝑛𝜇  ; n<S 
2. If n≥S, (number of customers in the system are  more than or equal to the 

number of servers) then all servers will be busy and the maximum number 

of customers in the queue will be (n – s). The combined service rate will be; 

𝜇𝑛 = 𝑆𝜇 ; n≥s 

 
From the model the probability of having n customers in the system is given by 

 

𝑝𝑛 = {

(
𝜌𝑛
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                  ..………………………………………………(1) 

 

We now proceed to compute the performance measures of the queuing system. 
 

The expected number of the customer (patients) waiting on the queue (length of 

line) is given as: 

 

𝐿𝑞 = [
1

(𝑆−1)!
(

𝜆

µ
)

𝑆 µ𝜆

(µ𝑆−𝜆)2] 𝑝0             .……………………………………………… (2) 

 
Expected number of customers (patients) in the system    

 

𝐿𝑆 = 𝐿𝑞 +
𝜆

µ
               ..……………………………………………… (3) 

 

Expected waiting time of customer (patients)in the queue   

 

𝑊𝑞 =
𝜆

µ
                                   ..……………………………………………… (4) 
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Expected time a customer (patient) spends in the system:   

 

𝑊𝑠 =
𝐿𝑆

𝜆
                                   ..……………………………………………… (5) 

 

 
Utilization factor i.e. the fraction of time servers (doctors) are         busy 

 

𝜌 =
𝜆

µ𝑆
                                                      ……………………………………………… (6) 

 
Where: 

 

λ = the arrival rate of patients per unit time, 
µ = the service rate per unit time,  

s = the number of servers,  

p0 = the probability that there are no customers (patients) in the system,  
Lq = Expected number of customers in the queue, 

LS = Expected number of customers in the system,  

Wq = Expected time a customer (patient) spends in the queue,  
WS = Expected time a customer (patient) spends in the System. 

 

Introduction of Costs in to the Model 
 

To evaluate and determine the optimum number of servers in the system, two 

opposing costs must be considered in making these decisions: 

 
(i) Service costs  

(ii) Waiting time costs of customers. Economic analysis of these costs helps the 

management to make a trade-off between the increased costs of providing 
better service and the decreased waiting time costs of customers derived 

from  providing that service. 

 
Expected Service Cost    E (SC) = SCS ……………………………………………… (7) 

 

Where 
S= number of servers,  

CS= service cost of each server 

 

Expected Waiting Costs in the System          
E (WC) = (λ.WS)Cw                                 ……………………………………………… (8) 

 

Where λ =number of arrivals,  
Ws= Average time an arrival spends in the system 

Cw= Opportunity cost of waiting by customers (patients) Adding (7) and (8) we 

have, 
 

Expected Total Costs           E (TC) = E (SC) + E (WC)…………………………… (9)  

Expected Total Costs             E (TC) = SCS + (λ.WS) Cw……………………………………………(10) 
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Data Collection 

 
Data for this study were collected from tertiary care hospital of Firozabad. The 

methods employed during data collection were direct observation and personal 

interview and questionnaire administering by the researcher. Data were collected 
for four weeks (Monday to Saturday). The following assumptions were made for 

queuing system at the tertiary care hospital which is in accordance with the 

queue theory. They are: 

 
1. Arrivals follows Poisson probability distribution at average rate of λ 

customers (patients) per unit of time. 

2. The queue discipline is First-Come, First-Served (FCFS) basis by any of the 
servers. There is no priority classification for any arrival. 

3. Service times are distributed exponentially, with an average of µ patients per 

unit of time. 
4. There is no limit to the number of the queue/patients (infinite). 

5. The service providers are working at their full capacity. 

6. The average arrival rate is greater than average service rate. 
7. Servers here represent only doctors no other medical personnel. 

8. Service rate is independent of line length; service providers do not go faster 

because the line is longer. 

9. The Balking and Reneging behavior patients are not included in this study. 
 

Results and Discussions 

 
Analysis of Data 

 

TORA Optimization software (Version 2.0 Feb. 2006) was used by us to compute 
the performance measures of the multi-server queuing system at the tertiary care 

hospital of Firozabad using arrival rate λ =175 patients/hr., Service rate µ= 8 

patients/hr. and number of servers (S) = 27 
 

Table1. Queuing Characteristics of Multi-server Queuing Model of the tertiary care 

hospital of Firozabad 

 

Scenario S Lambda Mu L’da 
eff 

po Ls Lq Ws Wq 

1 22 175 8 175 0 191.3905 169.516 1.09366 0.9686 

2 23 175 8 175 0 36.3405 14.465 0.20766 0.0826 

3 24 175 8 175 0 27.65525 5.78 0.15803 0.033 

4 25 175 8 175 0 24.78875 2.913 0.14165 0.0166 

5 26 175 8 175 0 23.47975 1.604 0.13417 0.0091 

6 27 175 8 175 0 22.7955 0.92 0.13026 0.0052 

7 28 175 8 175 0 22.41225 0.537 0.12807 0.003 

8 29 175 8 175 0 22.19 0.315 0.1268 0.0018 

9 30 175 8 175 0 22.0605 0.184 0.12606 0.001 

10 31 175 8 175 0 21.98175 0.107 0.12561 0.0006 

11 32 175 8 175 0 21.93625 0.061 0.12535 0.0003 
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Fig. 1- Expected Waiting time of Customer in queue against 

 

 
Fig. 2- Expected time of Customer spends in system against number of Server                                                                                               

number of Server 

          

 
Fig. 3- Expected time of Customer in Queue against number of Server 
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Fig. 4- Expected time of Customer in system against number of Server 

                                             
Table 2: Summary analysis of the Multi -Server queuing Model of the tertiary care 

Hospital 

 

Performance 

Measure 

Arrival 

rate (λ) 

Service 

rate(µ) 

System 

Utilisation 

LS Lq WS – in 

hours 

WS – in 

hours 

Po Total 

System 
Cost/hr 

22 Doctors 175 8 99.43% 191.3905 169.516 1.09366 0.9686 0 19997.34 

23 Doctors 175 8 95.11% 36.3405 14.465 0.20766 0.0826 0 9443.835 

24 Doctors 175 8 91.15% 27.65525 5.78 0.15803 0.033 0 9135.868 

25 Doctors 175 8 87.50% 24.78875 2.913 0.14165 0.0166 0 9235.213 

26 Doctors 175 8 84.14% 23.47975 1.604 0.13417 0.0091 0 9443.583 

27 Doctors 175 8 81.02% 22.7955 0.92 0.13026 0.0052 0 9695.685 

28 Doctors 175 8 78.13% 22.41225 0.537 0.12807 0.003 0 9968.858 

29 Doctors 175 8 75.43% 22.19 0.315 0.1268 0.0018 0 10253.3 

30 Doctors 175 8 72.92% 22.0605 0.184 0.12606 0.001 0 10544.24 

31 Doctors 175 8 70.56% 21.98175 0.107 0.12561 0.0006 0 10838.72 

32 Doctors 175 8 68.36% 21.93625 0.061 0.12535 0.0003 0 11135.54 

 

 
Fig. 5- Total System cost per hour against number of Servers 
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Fig. 6- System utilization against number of Servers 

 
Discussion of Result 

 

The graphs (Fig. 5) show that optimal server level at the Clinic is achieved when 
the number of servers (doctors) is 24 with a minimum total cost of Rs 9135.868 

per hr as against the present server level of 27 doctors at the Clinic which have 

high total cost of Rs. 9695.685 per hr. It should also be noted that patients’ 

average wait time and congestion in the system is also less at this optimal server 
level. 

 

Conclusion 
 

The queuing characteristics at the tertiary care hospital of Firozabad was 

analyzed using a Multi-Server queuing Model and the Waiting and service Costs 
determined with a view to determining the optimal service level. The results of the 

analysis showed that average queue length, waiting time of patients as well as 

underutilization of doctors could be increased when the service capacity level of 
doctors at the Clinic is decreased from 28 to 24 at the minimum total costs which 

include waiting and service costs. Service cost gets decrease as a hospital 

attempts to shrink its level of service. This could be done by shrinking the service 

facilities or using models that consider cost optimization. 
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