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Abstract---The increasing need for integral transforms to solve the
problems of applications in many scientific fields has led to the
relentless pursuit of suggesting new integral transforms. An
innovative generalization of the Complex Al-Tememe integral
transformation is introduced and discussed thoroughly in this work,
where the properties of the proposed transformation and its inverse
are exposed by utilizing it in some fundamental functions and the
efficiency of the generalized Complex Al-Teme integral transform is
demonstrated by using it in solving Euler and multiplication ordinary
differential equations with variable coefficients.
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Introduction

For over two centuries, mathematicians' successes in providing multiple integral
transforms were the reason that paved the way for the flourishing of knowledge in
many scientific, physical, and engineering fields [1-5]. The integral transform's
beginnings, as well as the Fourier and Laplace transforms, may be traced back to
P.S. Laplace's (1749-1827) notable work on applied mathematics in the 1780s
[2,3]. The Laplace or Fourier transform methods are virtually the same as modern
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operational calculus since they are based on a solid mathematical foundation.
Some integral transforms, such as Hilbert, Stieltjes, and Hankel transforms, are
commonly used in mathematics, science, and engineering. These transforms can
be used in solving beginning and boundary value problems, including but not
limited to partial and ordinary differential equations [6,7].

The Al-Tememe and Complex Al-Tememe Transforms are considered among the
recently emerged transforms that have considerably impacted the scientific world
by employing them in handling many applications in various fields [8-12]. This
work introduces a generalization of the Complex Al-Tememe transform as a new
integral transform where the properties and applications of the proposed
transform on general functions and utilizing it in solving specific examples are
presented.

Preliminaries Concepts
This section presents some basic mathematical principles.
Definition (I)

Let g(x) be a function defined on the period (a,b), the integral transform (denoted
by G(s)) for the function g(x) can be defined as follows [2,3]:

G(s) = I{g(x)} = [

x=a

k(s,x)g(x)dx.

For the convergent integral, k(s,x) is the transform's kernel, which is a two-
variables function, and (a,b) is the interval of the transform, where a and b are
real values.

Definition (II)
The equation: agx™y™ + a, x" 1y@ D ... | +a,_; xy +a,y = f(x).

where ay, a4, ... a, are constants and f(x)is a function for the variable x, is called
the "Euler’s equation" [13].

Definition (III)
For f(x) as a piecewise continuous function on the partitionable interval [a,b],
where [a,b] divisions by a finite set of points a = x;, < x; <+ < x, = b such that

[14]:

On each subinterval (x;,x; + 1), f(x) is continuous, where: i =0,1,2,...,n — 1.
There is a jump discontinuities in f(x) at x;, thus: [lim,_ ,, + f(x)| <o.i=
0,1,2,..,n—1;| limx_,xl. —f(x)|<xi=012,..,n.

Complex Al-Tememe Integral Transform

The Complex Al-Tememe integral transform for the function g(x) is defined as
[11]:
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T{g()} = [,_ x~* g(x)dx = F(iP) ,x > 1.
Such that the above integral is convergent in the interval [1,c0 )
Where P is a positive constant and x¥ is a kernel of transform i=v/—1

The Complex Al-Tememe transform for some functions is:

-1 P

cr1y _ _ .
o T = 1+P2( —%;—PZ l. .
crony .  —(m+ _ L
o T(x™) = P17 Prrmrn T = constant.
c _ 1-p? 2P,
* T(nx) = PrrD? | (prrn2t
. —a[(P?+1)-a? 2aP , _
e TC(sinhalnx) = (1£(Z+1)21a4 ] (Tenisar s @ = constant.
c _ —(P*+1)+a® P((Pz"'l)"'az) .
e TCcoshalnx) = PTiDirat  (PrrDrrar b @ = constant.
Cpos _ —a[(P?-1)-a?] 2aP .
e T(sinalnx) = PriDrrat | (prrn7ier @ = constant.
¢ I (G Y (G ) P
e Tcoshalnx) = PTrDrrat  (praDirar b @ = constant.

The Generalization Of Complex And Inverse Complex Al-Tememe Integral
Transform

Definition (IV)

The general Complex Al-Tememe integral transform for the function f(x) for x > 1
is defined by:

TEIf 0] = [ x749®) f(x)dx = F(iq(p)).

Such that this integral is convergent in [1,%) ,q(p) is a function of parameter p,
and x~19® is the kernel of this transform, i = vV—1 .

Property (I): The Linearity Property of the Generalization of the Complex Al-Tememe
Integral Transform

The general Complex Al-Tememe transformation is linear as:
Tg (Af (x) £ Bg(x)) = ATy (f (X)) £ B Tg (g (x))-

Where A and f are constants, the function f(x) and g(x) are defined when x > 1.
Proof

Te(Af(x) £ B g(x) = [ x79®) (Af (x) £ Bg (x))d .
= f1°° x~4®) 4 f(x)dx + floox‘iq(p)ﬁg(x)dx,
=A[[x74® fydx £ B[ x7P g(x)dx,
=AT; (f(x) = BTy (9(x)).
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Definition (V): The Inverse of the Generalization of the Complex Al-Tememe Integral
Transform

If T; [f(x)] = F(i q(p)) represent a general Complex Al-Tememe transformation of
f(x), then f(x) is said to be the inverse of the general Complex Al-Tememe
transform and it can be written as: f(x) = Tgc‘l[F(i q(p)] -

Property (I): The Linearity Property of the Inverse of the Generalization of the
Complex Al-Tememe Integral Transform

The inverse of Ty is linear that as:

Ty AR (i () £ BR (i q(0)) = ATy H([Fi(ig@] £ BT 7 (F2(iq(p)], A and pare
arbitrary constants.

Proof
Tg[Afi(x) £ Bf2(x)] =ATg (f1(x))£ BTy (f2(x)),
= Af1(iq(p)) £ Bf; (iq(p)),
= Af; (x) £ Bfo(x) = Ty Afi(ig(p)) + Bf2(iq(®))],
=ATy ™ [ (fiiq)] £ BT H(f> (lg(@)],
=Ty Afi(ig®)) £ Bf2(i q(P))].

Proposition (I)

If T [f(x)] = F(iq(p)) and a is any constant, then

Tg [x™f ()] = F(iq(p) + ).
Proof

TE(f)) = [ x~ 4P f)dx = F(iq(p),
T¢ [k f (0] = [ x™9@ x 9 f (x)d x
= floo x—(iq(p)+a) f(x)dx — F(i q(p) + a) )

Applying The Generalization Of Complex Al-Tememe Integral Transform Into
Fundamental Functions

TE(1) = —— ——2_j = y=T 1.
W= e " ey and q(p) >

Proof
Ty (1) = [ x719®) f(x)dx,

o x—la(p)+1
:fl x~ta®) gy = o

—-iq(p)+1
-t __1 —1-iq() _ —1-iq(p)
—ig(p)+1 —1+iq(p) * -1-iq(p) 1+(q(p))2 )
— -1 14 .
T @2 e
Ty (x™) = —(nt) - 4(®) i,wherene Randi=+v-1.

(@@)?+(m+1)2  (q(p)?+(n+1)?
Proof
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Clxm) = [ =A@ gy = [Cyn—ia® gy = 2P0 _ g1
Ty (x™) fl x x"dx f1 x dx n-iq(p)+1' 1 n—iq(p)+1
1 —ia(P)-(n+D) _ -ig(@-(+1) _ (4D 1)

1q@)-(+D) —iq@)-(+1) | @@)PHOADZ  @@)2+OAD? (q@) +(nrD)?

1-(q(p))? 2q(p) . ,
TE(1 = , 0 and iv—-1.
g (In(x)) ((q()?+1)? + @@yz+nz ¥ > Oandi

Proof
T (Inx) = [ x79® Inx dxx
1 x—ta+r o x—ta®+1 1

=nx. oot~ T 9%
—0—0——1  [[®°,-ia®
=0-0-—rry [ x dx] ,

1 [x—iq(p)+1] -
T iq)-1 |-iq@)+1] 17

1 1 1 1
- iq(p)—l[ + iq(p)-l] T iqlp)-1 [iq(p)—l] ’
1 Cigm-1? _  1-@@®)? 2q(p)

T Gam)-D? Cia)-DZ  (@@)2+D? | (@@)FDE

2
of s _ -a|(a@))"~1)+a? 2a q(p) , .
T3 (sinh (@ 1n0) = ¢ e mya T G e ey Where a is

a constant, i =v—1,|q(p) — 1| > a and x > 0.

Proof
alnx _ ,—alnx

Tf (sinh(a lnx)) = Tf (%) = %T;(xa —-x7Y,
— Yime (ay e (p-ay= 1 1 _ 1
- Z[Tg (x ) Tg (x )] 2[iq(p)—(a+1) iq(p)—a+1]’
_ l[ iq(p)ta-1-iq(p)+a+1 | _ 2a

2l q)-a-1)( q(p)+a-1) 2(( q(p)-1)-a)((i q(p)-D+a) ’

a (=i q(p)—1)*—(a)?

T Gap-D—a? Clap)-12—(@)? ’
_ a[(-i q(p)—-1)?—a?]

= 2 ’
((a@)*+1) +2a2(@@)?-1)+a*
a((-(a@)?+1-a?)+2i q(»))

((q(p))2+1)2+ 202 (q ()2 -D+a*

_ a—(a(q(@)?+a?) n 2ap i
- 2 2 >
((a@)*+1) +2a% (@@)2-D+a*  ((a@)*+1) +2a% (@))2-1)+a*

a-[((a®))?-1)+a?] 2ap

T ((@)?+1)2+2a2 ((q(p))2-1)+a* + ((a@))2+1)%+2a2 ((q(p))?-1)+a* L

2
Tgc (COSh (a Inx )) = - (@) +1)+a?

. ((@@)?+1D*+2a%(@@)?-1)+a*
a®)((a(®) " +1)+a?) , . ,
((q(p))2+(1)2+2 az((?z(p))z—l)ﬂz“ i, where a is a constant, i =v-1 , [q(p) —1]|>

aand x > 0.
Proof

Tgc(cosh (aln x)) =Ty (
=2 [T5 (D +T¢ (79,

_ l[ 1 1 ] _1[ iq(p)+a-1+iq(p)-a-1 ]
2 2

iq(p)-(a+1) + iq(p)—(-a+1) 2 (i qp)-1-a)(iq(p)-1+a)

ealnx  ,—alnx 1c a —a
— )=ETg(x +x™ ),




_ 1[ 2i q(p)-2 ] ___lap)-1 (=i q(p)-1)?—a?
2 L(ig(p)-1)?-a? (iq(p)-1)?-a? " (-iq(p)-1)2-a?’
(i q()-1)((—i g(p)—1)*-a?)

- 2
((a@)*+1) +2a2(@@)?-1)+a*
(-(a@)?+1-a®+2i q(®)(i aP)~1)

- 2
((q(p))2+1) +2a%((q()) 2-1) +a*
—l(q(p)) +iq(p)- lq(p)a -2(q(p)’ +(a())?~1+a?—2i q(p)
(@)’ +1) +2a%((a(®)) 2-1) +a*

b

_ —(a(@)?+a®-1 _ [(a®)’+a® a@)+a®)] i
(@@)P+1) +202@@n?-Drat ((a@)+1) +2a2(@@nP-D+at
_ ~-((@@)?+1)+a? B a@)((a@)*+1)+a?)
((a@)N?+1)2+2a2((a(P))2-1)+a* ((q(p))2+1)2+2a2((q(p))2_1)+a4
Tg (Sin(a Inx )) = —sla@) =) i

is a constant, i =v—1 ,x > 1 and q(p) > 1.
Proof

Ty (sin(a Inx)) = Tgc(e
1 1

=Z iq@)—Ga+D)  iqp)—(—iatD]’
iq(p)+ia—1-iq(p)+ia+1

~ 2 (iq(p)—ia- 1)(lq(p)+1a nb

ialnx_ ,—ialnx

—e

1 . i
i )= ZT;(xm—x La),

2i(( q(p)—l)—la)((l q(p)-1D)+ia) ’
a (=i q(p)—1)%+a?
(i q(P)-1)%-a?" (i q(p)-1)2+a? ’
_ al(-iq(p)-1)?+a?]
((@(@)?+1)?- 2a%((q(@)2-1)+ 4"’
a((-(a@))?+1+a?)+2ip)

((a@)*+1) - za2(@@)2-1+ ¢

_ ata3-a(q())* n 2a q(p)
2 2
((@@)*+1) - 2ae2@@N2-+9*  ((a@)*+1) - 2a2((a@))2-1)+ *
-a[((@(@))?-1)-a?] 2aq(p)

- 2 + 2
((@@)*+1) - 2a2@@N2-1+** (@)’ +1) - 2a2(a@)2-1)+ **

L.

—af(a@) 1+n+a?] 4@ (@@)*+1)-a?

Tgc(cos (a lnx)) =
is a constant, i =v—1 ,x > 1 and q(p) > 1.

Proof

ialnx  ,—ialnx

Ty (cos(alnx)) =Ty (L),

= %Tgc(xi“ + x~i@),

_1 [ 1 1
2liq(p)-Gia+1) = ig@)—(-ia+1))’

_1 [iq(p)+ia—1+iq(p)—ia—1

~ 2L@ qp)-1-ia)(ip-1+ia) I’

_ 1[ 2iq(p)-2 ]

~ 2 laa)-12+a2]

___ia(p)-1 (-iqg(p)-1)*+a?
(ig(p)-1)2+a? " (-ig(p)-1)%+a? ’

2

((@(P)2+1)2-2a2(q(@N?-1)+a*  ((q(p))?+1)2-2a2(q(p))?-1)+a*
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— (iq(P)-1)((-iq(p)-1)*+a?)
((@@))2+1)2-2a%((q(P))2-1D+a* ’
— (—(q()?+1+a?+2iq(p))(iq(p)—-1)

(@@)?+1)2-202((a®)"-1)+a* ’
~i(a®)’ +ig(P)+ig(@)a2-2(a(@)* +a(P))>~1-a2-2iq(p)
(@@)?+1)2-202((a@)"-1) +a*

b

_ ~(@@)*+a*+1) (=a@»’+a*a@)-a®)
(@@)?+1)2-2a2((q(p))" ~1)+a* ((q(p))z+1)2—2a2((q(p))2—1)+a4
~[(a@)* +1)+a?] a@)((a@)*+1)-a?

- i.
(@@)?+D?-2a2(q(P)?-D+a*  ((q(p)?+1)2-2a2(q(p))?- 1)+a"‘

Ty (x™ f(x)), where f(x) = sin (alnx)or f(x) = cos(alnx)), meR, x >0and a is a
constant.

crom _ ~al(a@)*~(m+1)2-a?]
Tg (™ ) = ((a(@)?+(m+1)H)2-2a2(q(N?~(m+1)?)+a*
2a(m+1)q(p) i
(a@)Z+(m+1)2)2-2a2(q(p))2-(m+1)%)+a*

Proof
Ty (x™sin(alnx)) =T; (
_ Ymcrviatm _ L—ia+m
- 1Zi Tg (x X ) ’
- Z [TgC (xla+m) _ TgC (x—za+m)]’
_ l[ 1 _ 1
T2 i q(p)-(ia+m+1) iq(p)—(—ia+m+1)
_ iq(p)+ia—1-m—iq(p)+ia+1+m ]
(lq(p) ia—(m+1))(iq(p)+ia)—(m+1))
(-iq(@)—(m+1))*+a?
(lq(p)—(m+1))2+az' (-iq(p)—(m+1))2+a? ’
a[-ig(p)— (m+1)? +a?
@)+ (m+1)D*~2a2 ((q(p))?-(m+1)2)+a*
_ __a(za@)?+(m+1)+a?)+2 (m+1)i a(p)
@@)?2+(m+1)2)2-2a2((q(p))?-(m+1)?)+a* ’

xmemlnx _xMe —Lalnx)
’

21

_ a(m+1)?+a3- a(q(p))? n 2(m+1) aq(p) ;
- (q(za))2+(m+1)2)2—§0t2((q(zo))z—(m+1)2)+vt4 @@)?+(m+1)2)2-2a%((@(P)?-(m+1)H+a* "’
_ -a[(q(p)) -(m+1)»)-a?] 2a(m+1) q(p)

T (@@)?+(m+1)2)2—2a2((q(P))?~(m+1)%)+a* + (@®@)?+(m+1)3)2-2a%((q(P))2-(m+1)?)+a* g

By the same way, it is possible to prove:
2
Tc (x™ cos(alnx)) = —(m+D)[(q()?* +(m+1)*)+a?]

((Q(P))2+(m+1) )2-2a2((q(p))*~(m+1)2)+a*
Q(p)((q(p))2+(m+1)) a?)

@) +(m+1)D” ~2a2((q(P)2~(m+1)2) +a?

The Generalization Of Inverse Complex Al-Tememe Integral Transform For
Fundamental Functions

c—1 -1 _ Q(P) i) =
(1) Ty (1+(q(p))(2 )1+(q(p))2 l) (1)

c—1 —(n+1 _ q(p N _ on N
(2) Tg ( @P)ZH (F D2 @)2+ (D)2 ’) =xhneRi=v-1.
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2
3) T 1 1-(q(®) + 2q(p) i)=Inx,x>1,i=+v—1.
(3) Ty (((q(p))2+1)2 ((a(P)?+1)? )

(4) T -al(a®))*-1)+a?] 2aq(p)
g (@@)?+1)2+2a2(q(P))2-D+a*  (q(p))?+1)%+2a2(q(p))?— 1>+a4

= sinh(a Inx), a is

aconstanti=+v—-1 andx>1.

(5) Tgc—l ( '((Q(P))2+1)+a2 3 a®)((q(p)?+1)+a? )

@2+ DE+2a2 @) -Drat  (q(p)2+D)2+2a2(q(p))E-D+ar cosh(a [nx), a is

aconstant i=+v—-1andx>1.

2 2
(6) Te-1 —a[(q(p)) —1)+a ] + 2a q(p)
(@()?2+1)2-2a2(q(@)2-D+a* ~ (q(p))?+1)%-2a2(q(p))?- 1)+a4
a constant,i =v—-1 and x > 1.
(7) T ! ( -[((a(@)?+1)+d?] @@ (a(@)*+1)+a?
g (q(p))z+1)2—2az(11(17))2—1)+0L4 (a(p))?+1)%-2a%(q(p))?>-1)+a*
aconstantand x> 1 ,i=+v-1.

= sin(a lnx),a is

i cos(a lnx),a is

The Generalization Of Complex Al-Tememe Integral Transform For
Derivatives

Theorem (I)

Let y(x) be a function for the variable x, where x >1 and its derivatives
y'(x),y" (%), ...,y™(x) exist, then:

Ty [x"y™ ()] = —y@ ™ (1) = (ig(p) — Wy 2P (D)—... ~(iq(p) = n)(iq(p) — (n -
1)...(iq(p) — 2)y(1) + (ig(p) —n) (iq(p) — (n— 1)) (iq(p) — 1)F(iq(p)), where n is a
positive integer number.

Proof: Consider the following:
If n =1, then:
Ty (xy") = —y(W) + (iq() = VT &) ,
TE(xy')= [ x"4Pxy'dx =[x @ y'd x|
Integration by parts, gives:
Ty (xy") = =y + (iq(p) — HT7 (y(x)).

If n =2, then:
Ty (x?y") = —=y'(D) — (ig(®) — 2)y(D) + (iq(®) — 2)(iq(®) — DTy (x),
T4 (x%y") —f x7la®) x2y'"'d x —f x~la@*2 gy
Also, performing integration by parts:
= 9012y |37 (—iq(p) + 2)x 4Py dx.

If n=3, then:
T3y = =" (1) = (ig(p) — 3)y' (1) — (ig(p) — 3)(ig(p) y(1) + (iq(p) — 3)(iq(p) —
2)(ig(p) — DTy (y(x) ,
TE(x3y" f1°° x~1®) x3yr dx= f1°° x~1@*3 gy
=x L"(”)”y” 1% -J" (—ig(p) + 3)x~ P2 y''dx
=-y" (D) + (iq(p) — 3)(=y' (D) — (iq(p) — 2)y(1) + (ig(p) — 2)(iq(p) — VT4 (),
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= —-y" M = g —3)y' (1) — g —3)(iq(p) — 2)y(1) + (iqg(p) — 3)(iq(p) —
2)(iq(p) - DTy ().

In general:

Ty ("y™) =—y" (1) - (iq(p) —n)y" (1) — (ig(p) — M) (iq(p) — (n — 1)y"3(1) —
(ig(p) =) (ig(p) — (n — 1)) ... (ig(p) — 2)y(1) + (ig(p) — n) (iq(p) — (n—1))...(iq(p) —
2)(iq(p) — 1)T4 (y), where n is a positive integer.

Implementing the Generalization of Complex Al-Tememe Transform Derivatives
Theorem into Some Functions

Theorem (6.1) is going to be applied to the following functions as follows:

_ nl(ig(p)+1)"*t
((61(10))2+1)"+1:r1
-m)(iq@)+1D)"
TE n_
g (0" = = Cayrenys
If n =1, then:

¢ _ (iq(@)+1)?
Tg(Inx) = Goyzen? -

Ty (Inx)™ if n is an odd number, and

if n is an even number.

If n =2, then:
Let y = (Inx)? , with conditions: y(1) =0, y' = 2 lnx.% that is xy' = 2Inx.
p . . 2
T; (xy')= 2T (Inx) that is: —y(1) + (iq(p) — VT4 (y) =

, Giq(p)-1)? °
-(i0(p)+1)
~Tf =
9 ) = Gapren
If n = 3, then:

Let, y = (Inx)® , with condition: y(1) = 0,
y = 3(lnx)2.§ that is: xy’ = 3(Inx)?
Ty (xy") = 3Ty (Inx)?

N . _ Clo) — 32

y(1) + (ig(p) 41) 50 = o

c _ 3!iq(p)+1)
TgO) = Gapern -
And for y = (Inx)", with condition: y(1) = 0.
y = n(lnx)"‘l.% that is: xy' = n(lnx)"?!
T (xy") = nT (Inx)" !
—y() + (i9(@) — D T{0) = oo

g (ig(p)-n™’

c(yy = MEia@-D™

Tg (y) - (q(a)1)2+1)n+1

_ nliq()-n* )

= ayznt » When n is odd.
_ —m)g(@+nntt )

T @)+t when n is even.

Theorem (I) is going to be applied to find: T (x™(Inx)"), for different positive integer
values of m and n.
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First case: if n=1, then:

1 Cla@)-(m+1)? | (ig@)+(m+1))?
TE(x™(Inx)) = : = ;
g N1 = G Cla—on0)? - Ga)? e

meN, x>0.

Second case: if n=2 then: Tf(x™(Inx)?) multiple values of m are going to be
discussed:

If m=1, then: T{ (x (Inx)?)
Let y = x (Inx)? , with the condition y(1) = 0,
y' =x. 2lnx.i + (Inx)?,
xy' = 2xlnx + x(Inx)?,
Ty (xy") = 2T5 (x Inx) + T4 (y),

2

—yD+ @) - D T = gz o ),
. _ c __Tc —

(g -DTLO) -0 =gz

TS (y) = 2 (Cia(@)=2)° _ -2(iq(@)+2)°

(iq(P)-2)3 " (-ig(P)-2)3  ((aP)?+4)3

If m =2, then: T{ (x? (Inx)?)
Let y=x?2 (Inx)? , with the condition y(1) = 0,
y' =x%2ln x.i +2x (Inx)?,
xy' =2x%Inx + 2x? (Inx)?,
TS (xy") = 2Tf (x* (Inx) + 2T{ (¥)),

-y +q) -V ;) = m

: _ c _ c _
(lg@) -V Tg») —2T5 ) = ey o
2 (-iq(p)-3)® _ -2(iq(p)+3)3

T¢(y) = . = ,
0 0) = Gy Cuawm 37~ @m)Hiop

+2T5 (v),

If m=3, then: T (x* (Inx)?)
Let y = (x3 (Inx)?), with the condition y(1) = 0,
y' =x3.2In x.i +3x? (Inx)?,
xy' =2x3Inx +3x3 (Inx)?,
T (xy") = 2T (x? (Inx) + 3T (y),
—y() + () = D T50) = 5o +3T5 ),
2

. _ Clo) 2T (o) — _ ~2ia(@)+a)°®
(lq(p) 1) Tg (y) 3Tg (Y) (iq(p)—4-)2 (iq(p))2)+16)3 °

In general, TS (x™ (Inx)?), m€N , x >0
Let y = x™ (Inx)?, with the condition y(1) = 0,
y' =x™.2In x.i +mx™1 (Inx)?,
xy =2x™Inx +mx™ (Inx)?,

Ti(xy") = 2TF(x™ (Inx) + mT;(y),

_ i _ C(f) — &2 c
Y+ 190) =) T = Gy +MIEO),

(@) - D T Mgy = oy *



2 (—ig@)-(m+1)% _ -2(ig(p)+(m+1))3 .
TS = . = ,meEN,i=+—-1.
g (y) (ig(p)-(m+1))3 " (—ig(p)—(m+1))3 ((q()?+(m+1))3

Third case: To find: T; (x™(Inx)*) multiple values of m are going to be discussed:

If m=1, then: T (x (Inx)3)
Let y = x (Inx)?® , with the condition y(1) =0,
xy =3x(lnx )? + x (Inx)3,
Ts x (") =3T3 (Inx)*)+ T4 (v),
-y + (q(P) -1 T (y) =3.
(g - D T4 () _T;(J’) j m , 4
Tgc(y) _ 3! (-iq(p)—2)* _ 3!(iq(p)+2)

(la@-2)*"(-ig@)-2)*  (@@ENH+H*

2

c
G2y Tlo O
!

If m= 2, then: Ty (x*(Inx)?)
Let y = x? (Inx)3, with the condition y(1) = 0,
xy' = 3x? (Inx )2+ 2x%(Inx)3,
T (xy") =3TF (x*(Inx)?) + 2 T§ (v),
. B cron _ pmegan _ 3!
(g -D T O) —2T,0) = G55
3! (Cia@)-3)* _ 3lqa@)+3)*

TE(y) = ) = .
g (iq(P)-3)* " (—ig(P)-3)*  (ig()»)+9)*

If m= 2, then: T{ (x*(Inx)?3)
Let y = x3 (Inx)3, with the condition y(1) =0,
y' = x5 3(lnx)2.i +2x (Inx)3,
xy =3x% (Inx )? + 3x?(Inx)3,
Ty (xy") = 3T5 (x*(Inx)?) + 3 T£ (),
(i) = 1) T5 () =375 ) = o=

T (y)= 3! Cla@)-v* _ 31-ig@+*
9= Gawr-o* Clam-n*  Ga@)H1e)

In general: (T (x™(Inx)%), m € N and x >0
Let y = x™ (lnx)? , with the condition y(1) = 0,
y =ax™, 3(lnx)2.i +mx™1 (Inx)3,
xy ' =3x™ (Inx )? + mx™(Inx)3,

Ty (xy')= 3Ty (x™(Inx)?) + m T (¥),

. _ 3!
(ta®) - D T —mIgy) = oy

3! (cig@)-(m+1))* _ 3!(-ig(@)+(m+1)*

Tf = . = .
s0) (iqP)-(m+1)* " (—ig(P)-(m+1)*  (q(P)*+(m+1)H)*

General case: Finding 75 (x™(Inx)"), m € R ,n € N,x >0
Let y = x™ (Inx)", with the condition y(1) =0,

y' = xm.n(lnx)"‘l.i +mx™t (In)x™,

xy' =nx™ (lnx )* ! + mx™(lnx)",

TS (xy") = nTS (x™(Inx)"™ 1) + m T (y),
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—y(D) + (ig(p) = ) T ) = n—— 4mTE(y),

(lq(p) '(m+1))“
n:
(lqlp) — V) T4 (y) —mTg (y) =
¢ (y)= n! (ig(®)-(m+1)"*! _ ni(=ig(p)-(m+1)"*?

(ig(P)—(m+1)" ’
T (ig(P)-(m+1)M*1 " (—ig(p)—(m+1))n+1 - (iq(P))?)+(m+1)2)n+1’ meR neEN.

Differentiation And Integration Of The Generalization Of Complex Al-
Tememe Integral Transform

Theorem (II): Differentiation of the Generalization of Complex Al-Tememe Integral
Transform

For a piecewise and continuous function f(x), through the period [1,), and
Ty (f (x)) = F(iq(p)), q(p) is a function of the p integral parameter, then:

() = (=DF T[(In()* f(O], k=1.2,.

dq(v)" Tg

Proof: to prove this theorem the generalization of Complex Al-Tememe transform
definition is taken: T (f(x)) = [,” x~4® f(x)dx.

Ifk =1, then: " ( ; Ty (f (%))

L ® -ia®)

dq(p) f(x)dx,
— -iq(p)

1 dq(p) x f(x)dx,
Slnce X —-iq(p) — e_lq(p)ln(x) and L(x_iq(p)) — _ix_iQ(p)ln(x)

> dq(p) ’

Then, d—() Ts (f@) = [ —ix74® in(x)f (x)dx,

= ( D' [ In(x) x79®) f(x)dx,
s =Tg (F(0) = (=)' Tg [In(x) f()].

dq(p)

fif k=2, then: 1e ( 5 Tc(f(x))
~ W dq(p) Tg (F ()],
dqip) [ (D" Tg [In(x) f(O]],

= (-i)’ mf In(x)x~® f(x) dx,
= (D' dq(p) x4® In(x) f(x) dx,
= (=D [” (i x74P Inx) Inx f(x) dx,
= (- i)z J7 xT4® (nx)? fx) dx,

- ol(q(p))2 Ty (f(0) = (=)* Ty [(Inx)® f(20)].

In General:
dq(,,)k T5(£00) = (~0* [ o 2790 () ! f(x) dx,
= (=0 [T (=127 Inx) () £ (x) dx,
= (—D)* 7@ (Inx)* f(x) dx,
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Now,

dq(p)k TEI(f ()] = (=D TC[ (Inx)¥fx ], where k = 1,2,3 ...

- TEUn) f ()] = (O

dq(p)k Tg[f (0], where k = 1,2,3 ...

Theorem (IIl): Integration of the Generalization of Complex Al-Tememe Integral
Transform

If T5[f ()] = F(iq(p)), then: Ty (J; f(0)dt) = oSBT x £ (o).

Proof

Let flx f(H)dt =g(x), g (x) = f(x), with the condition g(1) =0,
Ty (Jy F@dD) =T5 (g(0) = [ x74® g(x)dx,

Integration by parts, gives:

_ 1+iq(p) x~laA®*+1g(x) |°f —foo Ha®) o -igp)+1 g (x)dx,

- 1+(q(p()))2 1 1+(q(p)?
-1-iq(p —
= 1+(q(p))2f x4 xg' ()dx,
-1-
TE (g(0))= LB T [xf ()],

1+(q(P))? 9
- 1-
) =T [ﬁ Tc[xf(x)]].

Solving Linear Ordinary Differential Equations Using The Generalization Of
Complex Al-Tememe Transform

For an (n)-order linear variable coefficients ordinary differential with the general
form as:

apx™y™ + qx" "y D 4 4 oa,_xy' + a,y = f(X) (1)
Where:

f(x) is a function that is continuous,

aoy, a4, -, 4, are arbitrary constants,

y™ is the nth derivative of y(x),
y(1),y(2),...,y(n — 1) (1) should be specified.

It is possible to solve Equation (1) by applying the generalization of the Complex
Al-Tememe transform to both sides of the equation, and it can be written as:

h(iq(p) . .
T5) = foass kg@) # 0 ,i=V=1 , q() >0, (2)

Where, k is a polynomial with well-known prime cofactors, h and k are polynomials
of iq(p), the order of the h polynomial is below the order of the k polynomial

Applying T~ to both sides of Equation (2), obtains:

y = T“—[:ﬁj"ﬁfj);] kig@) #0 ,  i=v-1 . a®) >0,
3)
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The polynomial h(iq(p)) is needlessly defined, and it’s categorized by nothing but
its symbol. However, the polynomial k (iq (p)) includes the denominator of
generalization of the Complex Al-Tememe transform for the function f(x)
multiplied by (a,(ig(@)™ + a,(ig(@)™* + ... + an).

Equation (3) represents the general solution of the ordinary differential equation
(1), whose form is given by:
y = AO Ko(x) + Al Kl(x) + ... + Am Km (x) N (4)

where, K, ,K;, ....,K,, are functions of x, and A4,,4,, ... ,A,, are arbitrary constants,
their numbers are equal to the order of k(ig(p)).

To calculate the values of 4,,4,, ... ,4,, the initial conditions are substituted, one
of these conditions is: y(1), to get:

AgKo(x) + A1 K1 () + .. + Ay Ko (%) = y(D), (5)
Taking the derivatives to Equation (5) for (m) times to obtain:

AO Ko:l(l) + A1 K]_,”(l) + .. + Am Kmlll(l) = y’(l),
Ag K" (D + A K" (D + o + A K" (D) = v (D),
A Ko™ (D) + A K™ Q) + o + A K™ (1) = y™ (D).

This linear algebra system (model) can be solved for Ay, 4;,...4,, , the solution of
the above system represents the required solution to the ordinary differential
equation (1).

Notable mentions:

Ty (xy') = (iq(p) — 1) T{(y) + a, where a is a constant.

T;(cxzy”) = (iq(p) — 2)(iq(p) — D T;(y) + h,(iq(p)), where the order of the
polynomial h,(iq(p)) is less than 2.

Ty (Cy") = (iq®) — 3) (ig(p) — 2)(iq(p) — 1) Tf(y) + ho(iq(p), where the order
of the polynomial h,(iq(p)) is less than 3.

Ty (x™y™™) = (iq(p) —m) (iq(p) —m +1) ..(Iq®) = DT§ ) + hms(ig®)
where the order of the polynomial hm_l(iq(p)) is less than m.

Applications
Application (I)

To solve the ordinary differential equation: xy' —2y = x*, with the condition
y(1) = 0.

Taking a generalization of the Complex Al-Tememe transform to both sides of the
above equation, obtains:

1

TC(y) = — L
7 )= Gomae—s’
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The aforementioned equation's general solution, and after taking the inverse
generalization of the Complex Al-Tememe transform, can be written as:
y = Ax? + Bx*, (6)

The inclusion of the constants A and B in the equation requires the availability of
two sets of linear data.
From y(1) =0, A+ B = 0 is obtained.
The second equation can be found by substituting the provided initial data y(1) =
0 into the above ordinary differential equation to obtain:

y'(1) — 2y(1) =1, that implies: y'(1) = 1.

Taking the derivative to Equation (6) and substituting y'(1) = 1, gives:
2A+4B =1.

After simple computations: 4 = _71 ,B = %

. _ -1 .2 1 a4
..y(x)_2x+2x.

The concluded result represents the required exact solution to the given ordinary
differential equation.

Application (II)

To solve the ordinary differential equation: x%y”3xy’ —3y =x"*Inx, with the

condition y'(1) = y(1) = 0 and x > 0.

Taking Ty to the above equation:

1
c —
Ty = (iq(0)-2)(iq(p)+2)(iq(p)+3)?’

(7)

Taking Tgc‘1 to both sides of Equation (7), it is possible to write the general exact
solution as:
y=Ax+Bx 3+ Cx*+Dx*Inx, (8)

Where 4, B,C and D are arbitrary constants, and four linear equations are required
to find their values.

The first equation can be found by substituting y(1) = 0 into Equation (8). The
second equation can be found by deriving the general exact solution to equation
(8) and substituting the initial data y'(1) =0, but finding the third and fourth
equations requires additional conditions, which are:

y"(1) + 3y'(1) — 3y(1) = 0 implies that y"'(1) =0,

y'(1) +2y" (1) + 3y"(1) + 3y'(1) — 3y'(1) = 1 implies that y"'(1) = 1.
Substituting into y,y’,y",y"" respectively, provides:

y) =y =y"M=0,y"1) =1,

A+B+C=0,

A—3B—4C+D =0,

12B + 20C — 9D =0,

—60B —120C + 74D =1,
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After simple computations: 4 = L ,B = -t ,C = L ,D = 1
) . . | 100 4 25 5
y(x) =1=x —Zx_3 + Ex“* +Ex‘4 Inx, x > 0.

The concluded result represents the required exact solution to the given ordinary
differential equation.

Discussion and Conclusions

This work represents a detailed study of a new integral transform that generalizes
the well-known complex Al-Tememe integral. The new integral transform has been
proposed under the name "Generalization of the Complex Al-Tememe integral
transform". The comprehensive study of the new transform, including its
application to fundamental functions, its derivation and integration, and its use
in solving ordinary differential equations, proved its efficiency and capability to
contribute as an effective integral tool and be used in further applications in
multiple scientific areas.
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