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Abstract---The subject of integral transformations' suggestions,
properties studying and testing their efficiency via their application
into real-life scientific applications, is a never-perishing subject. This
work proposed a new integral transform called the Sherifa-Emad-Ali)
SEA integral transform that manipulates the kernel function of the ZZ
transform via the insertion of the complex parameter into the kernel to
produce a new integral transform with a different domain than the ZZ
transform. The properties and the application of the proposed SEA
integral transform are studied and proved. The applicability of the
transform to solve some problems represented by differential
equations, including Newton’s law of cooling problem and the
deflecting of a hinged beam under a uniform load, is also discussed.

Keywords---SEA integral transform, ZZ transform, complex kernel
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Introduction

To solve any problem, it is necessary to figure out how to put it into a format that
can be broken down into more minor problems that can be analyzed and solved
[1]. Differential equations are the ideal tool in the mathematics world for
transforming various scientific systems into comprehensive, analyzable, and, as a
result, solvable formats in the form of equations. The functions that appear in the
differential equation represent the physical attributes of the system that are
required to be represented. In contrast, the derivatives of these functions
represent the changing rate at which these attributes vary. The relationship
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between the system attributes and their rate of change is represented via
differential equations [2,3]. Integral transforms are one of the most efficient
methods that are proved their efficiency in handling and solving various problems
through their ability to transform the problem from its current domain where the
solution of the problem is complicated into another domain where the problem
can be solved in more manageable methods [4-6]. The domain changing capability
of integral transform made them a valued tool in handling many disciplines of
engineering and natural sciences [7-10]. The main difference between integral
transforms lies in their kernel functions, where the integration is performed
between the said kernel and the desired function [11].

The intensive study of integral transforms yields many integral transform
suggestions [12]. The majority of these transforms have a kernel function that
does not include complex parameters. The lack of integral transforms with
complex parameters in their kernels has fired the curiosity of mathematicians to
study and suggest more integral transforms with that quality in their kernels
[13,14]. That's what this work does, too. It proposes a new integral transform with
complex parameters in its kernel. The proposed integral transform named
(Sherifa-Emad-Ali) SEA integral transform inserts the complex parameter into the
kernel of the well-known ZZ transform proposed by Zain UlAbadin Zafar in 2016
[15]. The complex parameter's insertion resulted in a new integral transform that
processes the transformation in a different way and within a different domain
than the ZZ transform. The fundamental properties of the SEA transform and its
application to the basic functions will be discussed. Its applicability in solving
some practical differential equation applications will also be demonstrated.

The (Sherifa-Emad-Ali) sea integral transform
Definition of the SEA Transform

The set A of functions for exponential order is defined as:

A={f(®):3N,2, 2, > 0,|f ()] > Me",t € (1)1 x (0,],i € C,j = 1,2}
(1)

For set A in equation (1), M is a finite random constant, 4,,4, could be finite or
infinite and f(t) is a function that is defined for all t > 0.

The new SEA integral transform is defined as:
HO 3 =217, f0eG)rar

(2)
Existence of the SEA Transform

For an exponential order p where t > k, of a piecewise and continuous function
f(t) in the finite interval 0 <t < k. The SEA integral transform H¢{f(t)} exists for
all s > p,v > p2.
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SEA Integral Transform Properties

The basic properties of the SEA transform are going to be presented and proved
through the application of the transform to some fundamental functions.

- For f(t) = e*, where t > 0 and a is a constant, then the SEA transform to
cr aty _ _|_asv 52
f@©) ist H{e®} = [az 2452 a2v2+52]'
Proof
From the SEA transform definition:
s oo (5
He{e®} = ;ftzoe )t gy ,

[oe]

H¢{e%} = %f e_(i(%)_a)t dt = W;_a) [e—(i(s))tlgo ,
t=0 3

2
—is—av asv s
He(e"} = —[0 -1 =-| +i ].
{ } is— av[ ] —is—av  —is—av s2+a2v? s2+a?v?
Or
HC at ; 52
e = — +1i ] .
{e*} = [52+a2v2 s2+a?v?

- For f(t) =k, where k is a constant, then the SEA transform to f(t) is:
H{k}=—ik, i€C.

Proof
From the SEA transform definition:
HE{k} = iff’o -k dt,
HO) = i [e7
ely |
c _ks _k_ .
H{k}—is—l_— ik .

, v\"
- HAEY = (D@D (2) L neN.
e Ifn=1then: f(t) =t, and the SEA transform to f(t) is: H‘{t} = _?v .

Proof
From the SEA transform deﬁnition

C _ S —l t S ﬁ —i= t _ (v
HeR) =30y e e =S [re s Hlev| =50~ (5).
e If n=2 then: f(t) = tz, and the SEA transform to f(t) is: H¢{t?*} =
2
. [V
Proof
From the SEA transform definition:
o _jS
He(e?y =2 [ Ze™™ t2dt
Performmg integration by parts, gives:

HE{t?} = [(”T" + 2;’2’2 - 22’—33) et :O
=20 (u2)] - % - (.

e If n=3 then: f(t) =t3, and the SEA transform to f(t) is: H¢{t3} =

3
v

3y (%)

Proof

From the SEA transform definition:

2
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Ce43 spo St 3
HO Y == [, e t3dt,
Performing integration by parts, gives:
HC{tg} _S [(ﬂ + 3t2p2 _ i6tv3 _6L) —i%t]
=- e ,

s 52 s3 s*

He} =2[o—(0+0-0-] =2[6® ]—6——3'()

- For f(t)=sin(at), then the SEA transform to f(t) is: H{sin(at)} = ——
where a is a constant

Proof
From the SEA transform definition:

H¢{sin(at)} = —ftmoe_iit sin(at)dt ,
c _s —i%t . etat_e—iat _ i
H®{sin(at)} = o © (721, )dt = (zw)

(i) Jio e_l(v ) dt,

H¢{sin(at)} = ﬁe'ie‘“)t :0 + me_i(sm)t ,
HC{sin(at)} = ZU(_S—_a) [0—1] - ﬁ [0-1],
H¢{sin(at)} = o~ _"_—asw

E

- For f(t) = cos(at), then the SEA transform to f(t) is: H¢{cos(at)} = ——
where a is a constant

Proof
From the SEA transform definition:

H{cos(at)} = —f:ooe igt cos(at)dt ,

H¢{cos(at)} = —ft o eIt . (g) dt = (;—v) f:zoo e_i(l_sf_a)tdt +
S o -1 t

(;) ft:O e (v ) Cslt 5 ]
c _

H {cos(at)} - 2vi(%—a) + 2vi(%+a)

H{cos(at)} = E —((+a3)+((§i_5)]

N
s |irars-a| 5| 2
H{cos(at)} = — |52 ] == [ﬁ]
oz e

2iv —a? 1%

H{cos(at)} = —lv v's ]

2 _g2p2?
H{cos(at)} =

—is?
2_a2p?

SEA Transform Linearity Property

Considering the functions f(t) and g(t) and the constants a and b, then:
Haf (t) + bg(©)} = aH{f ()} + bH {g(t)} .

Proof:

From the SEA transform definition:
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HEF©) =20 20e ™ f@) de

He(af (6) + bg(0)} = 2 7 e ™ (af (¢) + bg(t))dt ,

He{af () + bg(®)} = a2 [ et F(0)dt + b2f%, etg(t)dt
He(af () + bg(t)} = a*(f ()} + bHE (g(1)} -

SEA Integral Transform for Derivatives

If H{f(6)} =Z(v,s), then: HC{f'(t)} = %(o) + i%Z(v, s) .

Proof
From the SEA transform definition:
’ _Sr® i3t
HE(f (O} =2 [ Zoe™ f/(t) dt :

Performing integration by parts,
u=e %, dv=f'(t)dt .

du = —i%e‘i%fdt, v=f(t) -
HEGP @) =21 Zye O poae =2 ro| +i2f 2 pwe Grar]

HEf' (0} =2[0 — f(O)] + i- HE{f ()},
SHOF )=+ i2z(v,s) .
HE(F" (0} = 2 £1(0) — 15 £(0) - SHF )} -

Proof
From the SEA transform definition:

P @) =22, O o ar

Performing integration by parts,
w=e"6), qv=fFrde

du=—i(2)e Wrar, v=r(0).

e @) =2eCrpo) - +i(0) 2 e Crar,

HE{f" (0} = S [=f (O] + i HYF' O},

HE(F" 0} = =LO+ 2 [Z£(0) + i H{F ()] :
HE(F (0} = L@ — 5 £(0) - SH(F(0))

HEF (03 = = S£71(0) — 15 £(0) + 5 £(0) — S HF @)} -

Proof

From the SEA transform definition:

S

1" S _—il=)t o
OO @) =2 ZpeOF ey ae
Performing integration by parts,
w=e" 0, qv = fr(e)de
du=-i(%) e B)dr, v = f(0) .

HEGP " (©) =2 (u-v' — f v°du)
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HEGF ) =2 B @)+ i) e B

HOP @) = (0= 27") + 2 [2£0) - i5£0) - S HGF®)]
) = =3O = 5 O + O = )
HEFO©) = =2£7/(0) = 15 (0) + S £/(0) + 15 £0) + SHFE) -

Proof
From the SEA transform definition:

HEF®©) =202, O rd 0y ar

Performing integration by parts,

w=e"G), dv = FO)de

du=—i(%)e Clar, v =@

HE{(f®M (1)} = i(u v = v*du)

Hr @@y =3[ Cipr)  +i2f2,rwe Crar]
HEFD () = 2[0 - ()] + l,,—zftzo f’”(t)e_i(?)tdt
HEFOO)= =2 7(0) + [ £7(0) = i £/ (0) + 5 £(0) — i SHF (D)
HEFO@) = =3O =5 0) +5£/O0) + 5 (0) + THFO}
In general: H{f™(t)} = ¥, — f® m)(O) (l)m 1y st Hc{f(t)}
Proof: By mathematical induction.

For n=1, H*{f'()} = —f(0) 2+ i> H{(f (D)} .

Thus, it is true for n = 1.
Assuming that it is also true for n =k, which it means:

H{f® 0} = They — ™0 @™ + Hc{f(t)}
It is possible to prove that for n=k+1, as

H(FE @) = H {(F90) } = —r OO+ 2 H(FO©)

REARCERTH A OF TOL S HAF ()]
Zk+1 f(k m+1)(0) (l)m 1 +lk+13 Hc{f(t)}

- Hc{f(k+1)(t)} .

That proves the theorem is true for e N .

Practical applications of sea integral transform

Solving and Analyzing Newton’s Law of Cooling Problem Using the SEA

Integral Transform

In Newton’s law of cooling, the temperature of an object that is surrounded by a
temperature-different environment changes relative to the temperature difference
between the object and the environment. The mathematical formula of Newton’s

law of cooling is written as:
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X 10(8) = 86(D)] = 57 = ~ulB(®) = o(0)] ,
@)

Where, 6 is the body temperature at time t, 8, is the surrounding environment
temperature and pu is proportionality constant (u > 0). It is possible to solve the
following Newton’s law cooling problem using the SEA integral transform. The
problem: if the surrounding air temperature is 40 degrees Celsius and the body
temperature drops from 80 degrees Celsius to 60 degrees Celsius in 20 minutes.
(i) What would the temperature of the body be after 40 minutes?
(ii) When the temperature of the body reaches 55 degrees Celsius?

Solution
By considering the temperature of the environment air being 6, = 40°C and the
temperature at t=0 being 6(0) =80°C, and after passing 20 minutes the
temperature would be 6(20) = 60°C .

Newton’s law of cooling in equation (3), obtains:

ﬁa[e(t) ~6,(D)]

:> — = —ulB(t) — 6,(t)] , where p is a constant.

> ﬂ = —uf(t) + uby(t) ,

= E+,u9(t) = uby(t) or 6'(t) + ub(t) = 40u. (4)

Applying the SEA transform to both sides of equation (4), gives:
HE{e' ()} + uH {0 (t)} = 40uH {1} .

By using the SEA transform of derivatives property:

—59(0) + i%HC{B(t)} + uH{O(t)} = 40ui,i € C (5)
Substituting 6(0) = 80°C into equation (5), gives:

—5 (80) + i H(O(O)} + nHE(B(O)}} = —40in

= (i2+ ) HEO(1)} = —40iu + 802,

= (i34 p)2Gs + vy HO (D)) =
0 80.
HC{Q(t)} —40iuv+80s LS:—JU” i
2
= HE{O(1)} = 40 ("—#) (6)

HE{B(6)} = 40 =L

iuv+2s L vu- lS]
vu+is  vu-isl’

HE(O(1)} = 40[ . (v2u +52) uvs— 152)]

(vz 2+s2) (vz 2+s

HE(B(6)} = 40 [—i — (S5 +i 2#2“2)] (7)

uZ+s2

Applying the inverse of the SEA integral transform to both sides of equation (7)
gives:

= HEHEO@Y = B a0 [-i - (A 4 i)}

v2pu2+s2 v2uZ+s
The resultant equation satisfies the linear property,

= 0(t) = 40 [Hc_l{—i} A s 2}],=> () = 40[1 + e~H], (8)

l
vZp2+4s2 v2u2+4s

Since it has been given in the problem that at t = 20min., 8(20) = 60°C, then:
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60 = 40 + 40e~20# = 20 = 40e~20# |

1
Sloeus (e =lsen=(2 (9

(i) It is possible to find the temperature of the body be after 40 minutes
from equation (9) as:
O(t) = 40 + 40e %+ |

40

0(t) = 40 + 40(e~*)* = 40 + 40 G)ﬁ ,

1 20
6(t) = 40 + 40 (5) ,
0(t) = 50°C .
The concluded result indicates that the body temperature would be 50
degrees Celsius after 40 minutes.
(ii) To find the required time for the body temperature to reach 50 degrees
Celsius.
55 =40 + 407# = 15 = 40(e #)t
15 —
= L= ey
(10)
Substituting equation (9) in equation (10) provides:
t

15 _ (1\20

20 (2) )

Taking the natural logarithms to both sides of the resultant equation
gives:

m(£)=_am(g=:t=2m%£>

40 20 2

~ t = 28.3 minutes.
The resultant time indicates the required time for the body to reach the
desired temperature, which is 50°C.

Solving and Analyzing the Beam Deflection Problem Using the SEA Integral
Transform

It is possible to express the deflection problem of a beam hinged at its ends x =0
and x = L that supports a uniform load w, (per length unit) shown in figure (1) via
the following ordinary differential equation with boundary conditions as [1]:

d4
DorZ =20 0<x<1L, (11)
EI dx* EI

y(0)=y,=0,y"(0)=yy =0, y(L) =0, y" (L) =y, =0 (12)

Where:

E is the modulus of Young’s.

I is the normal bending plain moment of inertia for a cross-section about an
axis.

El is the beam’s flexural rigidity.

y(4) =
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Figure 1: A hiﬁged beam under the effect of a uniform load.

There are some abundances associated with the beam in question that are
necessary to be known. These abundances are:
y'(x) represents the slop.

M(x) = ElIy(x) represents the moment of bending.

S(x) = M(x) = EIy(x) represents the point’s shear.

Applying the SEA transform into both sides of equation (11), gets:
d4-

He ) = B,

_5 III(O)_li //(0)+£ ’(0)+£ (0)+5HC{ (x)}:ﬂHC{l} (13)
-y =Y Y Y s y El

Applying the conditions provided in equation (12) with the following unknown
conditions y'(0) = C;,y'"(0) = C, to equation (13) obtains:

—C2+ G+ T H D) = S

SHYY =5+ 6= 055,

HOy()} = 22 4 0,2 - 0 52

Els* Tty
—wpivt v3 v
HOO() =ty g -

Applying the inverse of the SEA integral transform to both sides of the resultant
equation gives:
Wo

_ 4 x
y(x) =men” + G+ Gx,

+C
y(x) = —ZZ; +2x% + Cyx
Applying the conditions y(L) =0, y"”(L) = y;' = 0 from equation (12) yields:
sz3 wil

C; = and C, = —

24El 2EL
Thus, the deflection of the beam can be found from the equation:

y(x) = Z‘Ig[x(L —x)(L? — Lx — x?) .

The concluded equation made it possible to calculate the hinged beam's shear
and bending instant at any point.

Conclusions

The suggested SEA integral transform is a new integral transform that modifies
the ZZ transform kernel by inserting the complex parameter into the ZZ kernel.
The SEA integral transform properties have been demonstrated by applying them
to fundamental functions and derivatives. SEA transform efficiency and capability
to handle practical applications have been proven by using the transform to solve
some important applications that use differential equations to represent their
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problems, including Newton’s law of cooling and the problem of a hinged beam
that deflects under a uniform load.
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