How to Cite:

Mohammed, A. H., Battor, A. H., & Kulffi, E. A. (2022). New integral transform for solving
some kinds of differential equations. International Journal of Health Sciences, 6(S3), 1283-
1290. https://doi.org/10.53730/ijhs.v6bnS3.5583

New integral transform for solving some kinds
of differential equations

Ali Hassan Mohammed
Kufa University, Faculty of Education for girls, Department of Mathematics, Iraq
Email: prof.aliS7hassan@gmail.com

Ali Hussein Battor
Kufa University, Faculty of Education for girls, Department of Mathematics, Iraq
Email: alih.battor@uokufa.edu.iq

Emad Abbas Kuffi

Al-Qadisiyah University, College of Engineering, Department of Materials
engineering, Iraq

Email: emad.abbas@qu.edu.iq

Abstract---Our aim in this paper is to introduce new integral
transform which we will call it “Battor — AlTememe” transform. This
transform is useful for solving many types of differential equations
(ordinary and partial) and we will introduce some definitions, concepts
and identities. Integral transform is used to solve differential and
integral equations. In 2008 [2], the researcher introduced AlTememe
transform, which is given by the integral T(f(x))=_1%0 x(-p)
f(x)dx=F(p), For a function f(x) which is defined on an interval (1, «),
x"(-p) is the kernel of this transform and p is positive constant such
that the above integral is converge.
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Introduction

Integral transform is used to solve differential and integral equations. In 2008 [2],
the researcher introduced AlTememe transform, which is given by the integral
T(f (x)) = 100 x7P f(x)dx = F(p), For a function f(x) which is defined on an interval
(1, ), x7P is the kernel of this transform and p is positive constant such that the
above integral is converge. Many researchers [3-8] are used this transform to
solve different types of differential and integral equations with applications.

Definition (1) [1]: Integral transform
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Let f be defined function for x € (a,b), the integral transform for f whose symbol
F(1) is defined as F(1) = f;H (A4, x) f(x)dx , where H is a function of the variables A

and x, is the kernel of the integral transform and (a, b) are real numbers or +o
such that the last integral converges.

Definition (2) [2]: Al-Tememe transform
Let f be a function defined in [1, o], Al-Tememe transform is defined by (A.T)
(f() = [;” x™P f(x)dx, where the integral is converge and p is a positive number.

Definition (3): Battor-AlTememe transform
Let f be a function defined in [1, o], Battor-AlTememe transform is defined by the

[oe] —_

integral BA(f(x)) = /1f x i f(x)dx = F(1); A > 0 such that this integral is converge.

Property (1): Battor-AlTememe transform has linearity property, that is BA(af (x) ¥
bg(x)) = aBA(f(x)) *b BA(g(x)); a and b are constants, f and g are defined in [1,

oo],

Proof:

BA(af(x) Fbhg(x)) = [ x77 (af(x) F bg(x))dx
= f1 ax Af(x)dx +f1 bx_ig(x)dx

=a flwx_%f(x)dx Tb floo x_%g(x)dx

=a BA(f(x)) +b BA(g(x))

BA-Transform of fundamental functions

In this section, we will introduce BA-transform of fundamental functions, like
constants functions, logarithms functions, hyperbolic functions and triangular
functions and other functions.

1) BA(1) = 1€ (0,1)

1/1’

Proof: BA(l) /1f x Adx =1

X A+ [e3) AZ

e Fi e

2) BA(k) = ; k is constant, A € (0,1)
Proof: from ( ) and linearity property.

3) BA(M) = —2 . e (0-L)

1-(n+1)2 "’ n+1

x—%+(n+1) 22

—%+(n+1)] 17 1“mea

w _1
Proof: BA(x™) = A [ x™2"dx = A

4) BA(In(x)) = ; A€ (0,1)

3
a-n2’

Proof: BA(In(x)) = Afmx_/_l In(x) dx = <

xl

x=

ln(x)> -1 foo




5)

6)

10) BA(cos(aIn(x))) =

11) BA(sin(aln(x))) =

Examples: In this section, we give some examples.

A o

BA(INGOY) = 5555 A€ (0,1)

Proof: BA((ln(x)) )=A[ x A(ln(x))zdx
= /1( ln(x)) - 2/1f ln(x) dx

23 224
:—BA(ln(x)) 1— /1 (1-2)2 = (1-2)3

BAING))) = 573 A€ (O1)

Proof: BA((ln(x)) )=A[ x A(ln(x))3dx

( (ln(x))3>
; A€ (0,1)

BA(n())") = 24
Proof: by induction

A2(1-2
BA(cosh(aln(x))) = (1/1)(27_(13/12

OO__

Proof: BA(cosh(a ln(x))) =1 J, x"Zcosh(a ln(x))dx = lf

AZ

dx = —BA((ln(x)) ) =

—(BA(xa) + BA(x™%)) = —(

aad

BA(sinh(aIn(x))) = RESIEATT

o _1 o _lxa_
Proof: BA(sinh(aln(x))) = A [, x Zsinh(aln(x))dx = 1 [, x PR Zx

1 ay _ —ayy - ar
5 (BAG®) = BA(™) = iz

22(1-2)
(1-2)2 + a222

[ee] _

Proof: BA(cos(aln(x))) =4[, x i cos(aln(x)) dx = /1f

A2(1-1)
(1-2)% + a222
aid

(BA(x‘“) + BA(x“’”))

Proof: BA(sin(aln(x))) = Afloo X7 sinh(aln(x)) dx = Afloo X

aid
(1-2)2 + a22?

=~ (BA(x®) - BA(™)) =

2
BA(x) = m
BA(x™1) = 22
BA((In(x))%) = 24
T (-8

A2(1-1)

BA(cosh(21In(x))) = -2z
) 323

BA(sinh(31n(x))) = m

A2 (1- /1)

BA (cos( ln(x)))

(1- /1)2+ Epp

1- (a+1)/1+ 1—(- a+1)/1) -
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(1 /1)4

__x Apx—a

_1 xal+x ai

dx =

—-a

dx
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3,3

7. BA(sinCIn(x))) = —2

S a-n2+ia2

Definition (4): Inverse of Battor-AlTememe transform:
If BA(f(x)) = F(2) is Battor-AlTememe transform, then we call f(x) = (BA)"*(F(1))
the inverse of Battor-AlTememe transform.

Property (2): the (BA)"*(F(1)) has linearity property, i.e
B.A) Y aF,(A) F b F,(1)

= a(BAH(FW) F bBA (W) = af,(0) F b ()
Where a and b are constants.
. -1 2
Example (8): to find (BA) R YeRET)
A A B

Take (1-21)(1-31)  (1-21) = (1-31)
—3A—-2B=1
A+B=0-A=-1;,B=1

bl N
(1-21) (1-31) ~ (1-21) = (1-31)

23 22 22
(1-20)(1-31)  (1-21) @ (1-31)

13

-1 — 2
(BA) (1-21) (1-31) x+x

Definition (5): convolution of Battor-AlTememe transform:
Let f and g be a function defined in [1, o] then the convolution of f and g is given
by:
d
(Frg) =2 fa) g (2)=
Proof: similar to proof of AlTememe convolution [5], the difference is only we

multiply the convolution of AlTememe transform by A.
Note (1): If BA(f(x)) = F(2) and BA(g(x)) = G(1), then BA(f * g) = F(4) G(2) [5].

13
(1-21)(1-321)

-1 23 _1, At B S R
(BA) (1-22)(1-31) 12 (1-21)(1-31) 1 (1-21) (1-31)

_ 2y _ A

BA(x) = 1;2/1’ BA(x®) = 1-31

x  (x\*du X _ u?!
=/ u(;) 7=x2f1 u?du = x*(—)1]

-1
=x%(—x1+1) = —x +x?

Example (9): find (BA)™!

Battor-AlTememe of derivatives

In this section we will introduce Battor-AlTememe of derivatives and this will
simplify to solve the differential equations.

1) BA(xy) = —2y(1) + =2 BA®)
o 1 _1 o 1
Proof: BA(xy) =1/ x My dx = l[x /1+1]°1° —(—%+ D[, x iy dx]

1-1
= —2y(1) +——BAG); 1% 0
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(1- 21)(1 A)

2) BA(x*y")=-2y'(1) - (1 -2D)y1) + BA(y)
Proof' BA(x%*y'") = /1f x7+2y” dx
= AERYS - (-4 2) [Py de] = -y () + S22 BAGy) = -y’ (1) -
(1-2Dy(1) + WBA( )
3) BAGY") = —1y"(1) — (1 =30y’ (1) - Ry (1) + R BA(y)
Proof: same as one and two.
4) BA(x*y") = -2y"'(1) — (1 - 42)y" (1) - 2020 () —
(1—4/1)(1;23/1)(1—21)}](1) + (1—41)(1—3,;1(1—21)(1—1) BA()
Proof: same as one and two.
So,
BA(x"y™) = —2y®™=D(1) — (1 —nd) y®=2(1) — w y=3(1) .+
(1—111)(1—(;17—11)2)...(1—7\) BA(y)
Proof: By Induction.
Example (10):
(1) To solve the ODE xy' +y=1; y(1) = —
We take BA to both sides, we get
1-2 2
—A(y(D) +—— BAG) + BAY) = T
3 2
BA(y) ==-2/2=---32  (By division)
=y =1-3x"1 (By inverse)
(2) To solve the ODE
2y +ay' +y=x;yQ)=y'(1) =1
By taking BA to both sides, we get
o At-22%3422
BA(G) = (222-22+1)(1-22)
By partial fractions, we get
1,2 12
BA(y) = 2/12 2A+1  1-21
By taking inverse to both sides, we get
y = >sin(In(x)) + 5 cos(In(x)) + > x
. . oz
Since (BA(sin(In(x)) + cos (In(x)))) = eI
(3) To solve the ODE xy' —y =1In(x) ; y(1) = 2
After taking BA to both sides, we get
A% 222 312 A2 . . . .
BA(y) = ——=+ = - (By taking partial fractions to first term)

(1-22)(1-2)2% ~ 1-22 1-22 (1-2)2
By taking (BA)™! to both sides, we get

y=3x—In(x) -1 Since BA(In(x) + 1) = (1_;1)2
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Rules: In the following we will give some useful rules

Rule (1): BA(In(x) + 1) =

(- /1)2
22 23+2%2(1-2 22
Proof: L.S BA(In(x)+ 1) = BA(In(x)) + BA(1) = . A)z t5= :1 ,(1)2 2= “anr
R.S
. — Z'Z
Rule (2): BA(sin (In(x)) + cos (In(x))) = 7277
Proof: L.S
3
BA(sin (In(x)) + cos (In(x))) = BA(sin (In(x))) + BA(cos (In(x))) = 7(1_;)2”2 +=
22(1-2) A2 _
(1-)2+22 ~ (1-1)2+22 R.S
Rule (3): BA(sinh (In(x)) + cosh (In(x))) = —
Proof: L.S
3
BA(sinh (In(x)) + cosh (In(x))) = BA(sinh (In(x))) + BA(cosh (In(x))) = —(1_;;2_12 +
ra-n _ A2 —
G u—M-S—R-S
-1 ‘—’12
. _oaap 1 1 A
Proof: 1— ( +1)4 =n [1 ni  1- (n+1)/1] 1-(n+1)A
2r 1-nA-A- 1+nl A2 2 -1
[(1—n/1)(1—(n+1)/1)] -(tDA [(1 —nA)(1- (n+1)/1)]
2

_ 22 —nA-1+ni —22
1—(n+1)a_1—(n+1)/1[ 1-ni 1= 1-n)(1-(n+1)1)

Example (11): To find BA(1 — 2x)

Heren =1
. — from rule (4)
(1-)(1-22)
Now; BA(1 — 2x) = BA(1) — 2BA(x)
22 A2 A2-223-22%2+223 _ -A?
T1-2 Y122 (a-n@a-20  (Q-)(-24)

Identities: In this section we will introduce number of identities which we are used

to solve differential equations.

BA((xIn(x))y' +y) = 17_/13%1@ In(x))

Proof: BA((xIn(x))y’ +y) = lfloox_%ﬂ (In(x))y'dx

=1 ( _l+1(ln(x))y] ®©_ fwx‘/lly dx — (— 1y 1) flm x_/ll (In(x))y dx)
= —/1f x lydx+( ) lf x fl(ln(x))ydx

= BA((xIn(x))y' +y) = TBA(y In(x)
Example (12): to solve the DE ((x ln(x))y’ +y =In(x)) by using the above identity

EBAGyInG) = 2= = BAGInG) =
=@ In(x) = L (In(x))? ; By using (BA)™!
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>y= %ln(x)
Example (13): to solve the DE ((xIn(x))y’ + y = 1) by using the above identity
3

%BA(y In(x)) = % = BA(yIn(x)) = (1/_1—/1)2
=>(yIn(x)) = In(x) ; (By using (BA)™})
>y=1

1. BA((xsin(In(x)))y’ + (cos(In(x)))y) = %BA(sin (In(x)))y)
Proof: By finding BA((x sin(In(x)))y’) will get the result or proof.

Example (14): to solve the DE (xsin(In(x)))y’ + (cos(In(x)))y =1, by using the
identity (2).

2 BA(sin(In(x)))y) =

= BA(sin (In(x)))y) = &

= (sin(In(x)))y = In(x) (By using (BA)™)

= y = (csc (In(x))) In(x)

2. BA((x cos(In(x)))y’ — (sin(ln(x)))y) =-ly(1) + 1;—llBA((cos (In(x))y)
To prove it get the first term BA((x cos(ln(x)))y’) then will get the proof.
3. BA((x (sin (In(x)) + cos(In(x)))y’ + (cos(In(x)) — sin (In(x)))y) = —Ay(1) +
1;—’1BA((sin(lr1(x)) + cos(In(x)))y)
The idea of proof same as (2) and (3).
4. BA((x (sin(In(x)) — cos(In(x)))y’ + (cos(In(x)) + sin(In(x)))y) = —Ay(1) +
1;—’1BA((sin(ln(x)) + cos(In(x)))y)
The idea of proof same as (2) and (3).
5. BA((x sinh (In(x))) + (cosh (ln(x)))y) = 1%ABA((sinh (ln(x)))y)
BA((x cosh(In(x)))y' + (sinh(In(x)))y) = —Ay(1) + %BA((cosh(ln(x)))y)
BA((x (sinh (In(x)) — cosh(In(x)))y" + (cosh (In(x)) — sinh(In(x)))y) = —Ay(1) +
22 BA((sinh(In(x)) — cosh(In(x)))y)
8. BA((x (sinh (In(x)) + cosh (In(x)))y’ + (cosh (In(x)) + sinh(In(x)))y) = —Ay(1) +
22 BA((sinh(In(x)) + cosh (In(x)))y)
9. BA(x(In(x))*y'+ 2(In(x))) = j—ABA((ln(x))zy)
10. BA(x(In(x))%y" + 3(In(x))?*y) = 1—/_1/1Bx‘l((ln(x))3y)
11. BA(x(In(x))™y' + n(In(x))* 1y) = %BA((ln(x))"y) , VneZt

From above identities, we can get the following results:

i.  From (6) BA((x* — 1)y’ + (x + x™\)y) = ="BA (xzx_ly)

ii.  From (7) BA((x? + )y + (x —x~Y)y) = —Ay(1) + =2 BA (Lx“y)
iii. ~ From (8) BA(—y' +1y) = —2y(1) + £2BA(-2)




1290

iv.  From (9) BA(x%y' + xy) = =y(1) + IA;ABA(xy)

Examples (15):

1. Tosolvethe DE (x> -1y +(x +x Dy =1
By taking BA to both sides of the DE and using first result (i) will get
12p4 (x2—1 ) _
PN T
-1 A -1 o -
= BA(xx y) = > xx y = Inx ; by taking (BA)™!
__xlnx

Sy=S7;x#+1

2.4

2. Tosolve (x2+ 1)y +(x—xYy=Inx; y(1) =0
By taking BA to both sides of DE and by using result (ii) we get

1 2
_ Ex(ln x)

x2+1
3. Tosolve x’y' +xy=1; y(1) =0
From result (iv) and by taking BA to both sides, we get
1-1 22 23
TBA(Xy) = E = BA(Xy) = m
By taking (BA) ! = xy =lnx >y =x"'lnx
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