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Abstract---Let G = (V,E) be a simple, finite and undirected graph and
without isolated vertex. A subset D of V is said to be dominating set if
for every v in V — D there exist a vertex u in D such that u and v are
adjacent. The minimum cardinality of a dominating set of G is called
the domination number of ¢ and is denoted by y(G). D is minimal
dominating set of a graph G if no proper subset of D is a dominating
set of G. D is a total dominating set of G if < D > has no isolates. The
minimum cardinality of a total dominating set of G is called the total
domination number of G and is denoted by y;(G). A Subset D of V (D S
V) is said to be a chromatic total dominating set if D is a total
dominating set and y(< D >) =y(G). The minimum cardinality of the
chromatic total dominating set is called a chromatic total dominating
number y,(G).In any graph G ,every chromatic total dominating set is
a total dominating set.But converse is not true.In some graphs ,every
y: set is a chromatic total dominating set.In some graphs,some y; set
is a chromatic total dominating set and some y, set is not chromatic
total dominating set.while in some graphs no y, set is a chromatic
total dominating set. This observation motivates us to classify all
graphs into three categories.

Keywords---total domination, chromatic total domination, chromatic
total domination number.
Introduction

Let G = (V,E) be a simple, finite and undirected graph and without isolated vertex.
A subset D of V is said to be dominating set if for every v in V — D there exist a
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vertex u in D such that u and v are adjacent. The minimum cardinality of a
dominating set of G is called the domination number of ¢ and is denoted by y(G).
D is minimal dominating set of a graph G if no proper subset of D is a dominating
set of G. D is a total dominating set of G if < D > has no isolates. The minimum
cardinality of a total dominating set of G is called the total domination number of
G and is denoted by y,(G).A Subset D of V (D € V) is said to be a chromatic total
dominating set if D is a total dominating set and y(< D >) =x(G). The minimum
cardinality of the chromatic total dominating set is called a chromatic total
dominating number y{,(G).In any graph G ,every chromatic total dominating set is
a total dominating set.But converse is not true.In some graphs ,every y; set is a
chromatic total dominating set.In some graphs,some y; set is a chromatic total
dominating set and some y, set is not chromatic total dominating set.while in
some graphs no y; set is a chromatic total dominating set. This observation
motivates us to classify all graphs into three categories.

Equality of Sets
Definition 2.1

A graph G is said to be in (y,(G) = v}, (G))-class if every y, set is a chromatic total
dominating set .

Examples 2.2

Consider the following graph

Vi V) V3

G

Dy = {v1,v4},D; = {v1,Vs5},D5 = {v1,V6},D4 = {v3,14},D5 = {v;,Vs} Dg = {V3, 6},
Dy = {v3,v,4},D5 = {v3,V5},D9 = {v3, v}
D;,D,,D5,D,,Ds,Dg, D;,Dg,Dq are y, sets as well as yf,-sets.

Definition 2.3

A graph G is said to be in (y.(G)= v, (G))-class if some y, set is a chromatic total
dominating set and some y; is not chromatic total dominating set
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Examples 2.4

Consider the following graph:

G

Dy = {v1,v,,v3, 14} and D, = {v,v3,V5,V6).D; and D, are y;-sets but D, is yi (G)set
but D, is not y},(G)set

Definition 2.5

A graph G is said to be in (y.(G) # v, (G))-class if no y, is a chromatic total
dominating set .

Examples 2.6

Consider the following graph:

G

Dy = {v1,v,},D; = {vy,14},D3 = {v1,v3},D4 = {v1,V5},D5 = {v,V3} Dg = {v,v,4},D7 =
{v2,v5},D5 = {v3,14},D9 = {v3,V5},D19 = {4, s}
All these are y, set but not y{, set .
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Observation 2.7

Let G be a y critical graph with |V(G)| > 1 .Then G is in (y.(G) # y%,(G)) -class.(Since
for such graph y,(G) <n and y%,(G) = n)

Theorem 2.8

Let G=K,, n> 2, then G is in (y, # y%,-class

Proof. Let G be complete graph with n> 2 .Let D be the total dominaitng set
where y;(K,)=2 .Therefore,y(< D >) = 2 # n = y(G)for every y; sets.Thus ,D is not a
chromatic total dominating set .Hence G is in (y,(G) # v, (G))-class

Theorem 2.9

Let G=K, ,,, then G is in (y; = yl,)-class

Proof. Let G be Star graph with n+1 vertices .Let D be the y; set of G .Therefore
x(< D >)=2=x(G) for every y, sets.Thus,D is also chromatic total dominating set
.Hence ,G is in (y, = y{,)-class

Theorem 2.10
Let G=F,, with n > 3 ,then G is in (y:(G) # y},(G))-class

Proof. Let G be a Fan graph with n vertices .Let D be the total dominating set .Let
u be the vertex of F, with deg(u)=n-1land y,(F,) =2.But y(< D >) # x(G).Therefore D
is not chromatic total dominating set .Hence G is in (y:(G) # y{,(G)) -class

Theorem 2.11
Let G=W,, ,then G is in (y:(G) # v%(G))-class

Proof. Let W, be a wheel with n vertices and V(W,={x, v,,v,,...,v,_1}. Let x be a full
degree vertex of W, .Let D be the total dominating set .The full degree vertex
dominates all other vertex in the graph .Since D shouldnot contain isolated vertex
we choose additional vertex and (<D >)=2 #* x(G).Therefore ,D is total
dominating set with y,(G)=2 and it is not chromatic total dominating set .Hence G

is in (y.(6) # v&(G)) — class
Theorem 2.12
Let G be a complete binary tree,then G is in (v, = y%,)-class

Proof. Let G be complete binary tree and B, denote a complete binary tree formed
at depth k .Let D, be a y; set of B;.D, includes the set of vertices in the ith level
and (i-1)th level should also be included in D,.It is also found that the number of
set of vertices in the ith level is twice than that of vertices in the(i-1)th level.To
dominate the Oth level any one vertex at 1st level also include in D, .It is observed
that D, includes the minimum number of vertices .Hence the total domianting set
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and y(< D >)=x(G) at depth k.Therefore,D is a chromatic total dominating set
.Hence G is in (y, = y},)-class

Theorem 2.13

Let G =K, ,,then G is in (y; = y&,)-class
Proof. Let G be a complete bipartite graph with m+n vertices .Let D be the total
dominating set .u be a vertex of K,,,,.Let x € V(Km,n) — {u} such that ux € E(K;;,)
.Let D ={u,x} and y(< D >) =x(G) =2 for every y, sets .

Thus D is chromatic total dominating set and G is in (y, = y{,)-class

Theorem 2.14
Let G=P,.Then G belongs to (y, = yt,)-class

Proof.
Let B, = uy,u,,..,u, be the path on n vertices.
case(i):Let n = 0(mod4)

Let n=4k .Let D be the total dominating set .y.(B,) = n/2 if n = 0(mod4) and
X <D >= x(G) = 2.Therefore, D is the chromatic total dominating set .hence P,
belongs to (y; = v, )-class
case(ii): Let n = 1,3(mod4)

Let n=4k+1.Let D be the total dominating set with y,(B,)=n+1/2 vertices if
n = 1,3(mod4) and y(< D >)=x(G)=2.Therefore ,D is the chromatic total dominating
set .Hence P,,, belongs to (y; = y,)-class
Case (iii): Let n = 2(mod4)

Let n=4k+2.Let D be the total dominating set with y,(B,)=n/2+1 vertices if
n/2 + 1/vertices and x(<D >)=x(G)=2.Therefore ,D is the chromatic total
dominating set .Hence P, , belongs to (y, = y{,)-class.

Finally ,G = P, belongs to (y; = y{,)-class

Theorem 2.15

The cycle C, of y(t) # v%,(G) -class if and only if n is odd and C, is of (y; = y&,)-class
if and only if n is even.

Proof. Let C,:v,,v,,...,v, be a cycle on n vertices.

case(i)If n is odd

Let n be odd.Let D be the minimal total dominating set of G .y;(C,)=n+1/2 when n
is odd and y{,(C,) = n.Therefore ,y.(C,) =n+ 1/2 <n = y},(C,) when n is odd .Thus
no y, set is a chromatic total dominating set .Hence C, of (y, # y{,)class when n is
odd.

case(ii)If n is even and n = 0(mod4)

Let n be even and n=4k .Let D be the minimal total dominating set in G and
y:(Cp)=n/2.Also y(< D >)=2= x(G) .Therefore D is chromatic total dominating set
of G with minimum cardinality y,(G) =|D| =y.(G).Hence C, of (y; =vk,)-class
when n is even.

case(iii)If n is even and n = 2(mod4)

Let n=4k+2.Let D be the minimal total dominating set in G .y,(C,)=n/2+1 .Also
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x(< D >) = y(G)=2.Therefore ,D is chromatic total dominating set of G with
minimum cardinality y%,(G)=|D|=y,(G).Hence , C, is of (y, = y!,)-class of G when n
is even.

Theorem 2.16

Let T be a tree .If there exists support vertices u,v such that d(u;)=2 for all u; on the
path joining u and v and d(u,v) = 0(mod3).Then u,v belongs to every vy}, (G)

Proof. Let u,v be a pair if vertices in T such that d(u,v) = 0(mod3) and du;)=2 for
all u; on the path joining u and v .Suppose there is a y, set D such that ugD or
veD.Let ug D .then N(u) has exactly one pendent vertex ,say w.Then w € D.Let u =
Uy, Uyq,.--, U = v.Then r =0(mod3).Since D is y, set and u,=ugD,Assume
thatu,, us,....,u,_; €D .Let r = 3k, then \{uz,us,....,ur_1}| =k If v € D ,then D, =

(D —{w,uy,us,...., U _1 ) U {ug,u,...u_3} is a total dominating set and |D;| = |D|-1
which contradiction .If v ¢D,then N(v) has exactly one pendant vertex x and x € D.
D, = (D —{x,w,uy,us,...., Up_1 ) U {v,u, U3, ug... u,_3}is a total dominating set and

|D,|=|D — 1| which is contradiction .Hence u € D and ve D and x(G)=yx(< D >)=2
and D is also chromatic total dominating set .Then u,v belongs to every yf,-set of
T.

Proposition 2.17

Let P be the set of all pendant vertices of a tree T.If T has two vertices u,v such that
IN(w) Np| = 2,IN(v) Np| = 2 and uv € E(T) ,Then T belongs to (y; = y&,)-class

Proof. Let INw)np| = 2 ,IN(v) Np| = 2 .Then u,v belongs to every yg,-set D of
T.since uv € E(T),x(< D >) = 2,D is a y{, -set .Hence T is in (y, = y},)-class

Theorem 2.18

Let T be a tree in which d(u,v) = 0(mod3) for some support vertices and d(u;)=2 for
all u; on the path joining u and v .If there exists a support vertex w such that vw €
E(T) and either |N(w) N p| = 2 or for some support vertex x, d(w,x) = 0(mod3) and
d(x;)=2 for all vertices x; on the path joining w and x,then T belongs to (y, = y,)-
class

Proof. Let T be a tree in which for some support vertices u,v and w .d(u,v) =
0(mod3) and d(u;) =2 forall vertices u; on the path joining u,v and vw € E(T)
.Suppose that either |[N(w)Np| = 2 or there exist a support vertex x such that
d(w,x) = 0(mod3) and d(x;)=2 forall vertices x; on the path joining w and x.Let D
be a y,; -set .By proposition 2.17 ,u,v € D .If [IN(w) Nnp| = 2,then w € D .If there
exist a support vertex x such that d(w,x) = 0(mod3) and d(x;)=2 for all vertices x;
on the path joining w and x ,then by proposition 2.17 ,w,x € D.Thus in both
cases, w € D.Since vw € E(T) ,y(< D >)=2.Thus D is a y},-set .Hence ,T is in (y, =
vh)-class.
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Theorem 2.19

Let D be caterpillar .T is in (v, = v%,)-class iff T has two support vertices u,v
satisfying one of the following properties :

@) INw)np| =2 ,INw)np| =2 and uv € E(T)

(ii) If d(u,v) = 0(mod3) and d(u;)=2 for all u; on the path joining u and v
,there exists a support vertex w such that vw € E(T) and |[N(w) np| = 2 or for some
support vertex x,d(w,x) = O(mod3) and d(x;)=2 for all vertices x; on the path
joining w and x.

Proof. Let T be a Caterpillar .Assume that T is in (y; = y%,)-class.Suppose that for
every pair u,v of support vertices ,the given conditions fail.Let D be y, set with
minimum number of edges in <D>.Since D is in (y; =yf,)-class,y(< D >
)=2.Therefore ,there exists u,v € D such that uv € E(T) .Then u,v € V(T)-P.Since uv
€ E(T) and since (i) is not true ,|IN(w) np| <1,

INW)Nnp| < 1.

case(i)

Let N(u) N p = ¢ .Since D is a y, -set and uv € E(T) ,ugP.Since T is caterpillar and
N@w) NP =¢,d(u)=2.Let x € N(u)-{v}.Since D is a y; -set and u,v € D ,(N(x) —{u}) n
D =¢.Then D, = (D—{U}) u{x}is a y; set and |E(< D; >)=|E(< D >)|-1 which is a
contradicition to the fact that D is a y; set with minimum number of edges in <
D>

case(ii)

Let N(u) n P={x} and N(v) n P={y} .If N(w) — {v}) N D # ¢,then D, = (D — {u}) U {x} is
a v, set with |E(< D, >)=|E(< D >)|-1 which is contradiction .Let (N(v) —{v}) N D =
¢ and (N(wv)—{u}) nD = ¢.Let w; # v be a support vertex such that d(u,w,;) is
minimum and d(u;)=2 for all vertices u; on the path joining u and w.Let w, # u be
a support vertex such that d(v,w,) is minimum and d(v;) = 2 forall vertices v; on
the path joining v and w.let d(u, w;) = 0(mod3).Since uv € E(T) ,by our assumption
d(v,wy) = 1(mod3).Let v = vy, vy, v,,...,vr =w, and d(v;)=2 for all i=1,2,...,r-1.Then
r=3k+1 or 3k+2 .Since D is a y; set and v € D .We can assume that
V3, Vg, Vg, ..., Vp_q €D if r=3k+1 or vs;,vg,vy,...,v_; ED if r=3k+2 .Let w, € D.If r=3k+1
,then D; = (D — {v,v3,V6,....,Vr_1}) U {Vy,Vs,...,V_, }is a y; set .But |E(< D; >)| =
|[E(<D >)|—2 which is a contradiction .If r=3k+2 ,then D,=(D -
{v1,v3,V6,...,V,_2}) U {y,v,,vs,...v,._3}is a y; -set .But |E(< D, >)=|E(< D >)-1,which
is contradiction .If w, # (< D >),then N(w,) Np = {z} and z € D.If r=3k+1 ,then Dy
=D —{v,z,v3,v¢,...,V,_1}) U {y,wy, V5, Vs,...,V,_5} is a ys-set and |E(< Dg >)| = |E(<L
D >)| —1 which is contradiction .If r=3k+2 ,then Dg = (D — {v,z,v3,V4,...,Vr_}) U
{y,wy,v,,...v,_3} is a y; set and |E(< D¢ >)| = |E(< D >)| — 1,which is contradiction
.Thus in all cases ,we get contradictions Hence one of the two conditions (i),(ii)
holds. Conversely ,Assume that T has two support vertices u,v satisfying one of
the given two conditions .By proposition 2.17 and Theorem 2.18 ,T is in (y; = y,)-
class.
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