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Abstract---The Harary index is defined as the sum of reciprocals of 

distances between all pairs of vertices of a connected graph 𝐺 = (𝑉, 𝐸). 

In this paper we investigate Harary Index of Lehmer three Mean graph 
for some graphs. 
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Introduction 
 

The Harary index of a graph 𝐺, denoted by H(𝐺), has been introduced 

independently by Plavsic and by Ivanciuc in 1993. It has been named in honour 
of Professor Frank Harary on the occasion of his 70th birthday. The Harary index 

is defined as follows: 

𝐻(𝐺) = ∑
1

𝑑𝐺(𝑥, 𝑦)
𝑥,𝑦∈𝑣(𝐺)

 

 

where the summation goes over all unordered pairs of vertices of 𝐺 and 

𝑑𝐺(𝑥, 𝑦)denotes the distance of the two vertices x and y in the graph 𝐺. That is the 
number of edges in a shortest path connecting x and y.  On the basis of this work 

we introduce a new concept namely Harary Index of Lehmer three Mean graphs. 

In this paper we investigate Harary index of some graphs which admit Lehmer 

three Mean graphs. We will provide a brief summary of definitions and other 

information which are necessary for our present investigation. 
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Definition  

 

Let G be a (𝑟, 𝑠) graph.A function ℎ is called Lehmer three mean labeling of graph 

G, if it is possible to label the vertices 𝑣 ⋴ 𝑉 with distinct labels ℎ(𝑥) from 

1,2,3, … . . … , 𝑠 + 1 in such a way that when each edge 𝑒 = 𝑥𝑦 is labeled with ℎ(𝑒) =

⌈
ℎ(𝑥)3+ℎ(𝑦)3

ℎ(𝑥)2+ℎ(𝑦)2
⌉ (or) ⌊

ℎ(𝑥)3+ℎ(𝑦)3

ℎ(𝑥)2+ℎ(𝑦)2
⌋ then the edge labels are distinct.In this case “ ℎ ” is 

called Lehmer-3 mean labeling of 𝐺. 
 

Definitio 

 

Let G be a Lehmer three mean graph with vertex set 𝑉(𝐺) and edge set 𝐸(𝐺).The 

distance 𝑑𝐺(𝑥, 𝑦) between two vertices 𝑥, 𝑦 ∈ 𝑉(𝐺) is the shortest path in G between 
x and y. 

 

Main Results 

 

Theorem 
 

Friendship graph 𝐹𝑚 be a Lehmer three mean graph,then harary index of 𝐹𝑚 is 

𝐻(𝐺) =
1

3𝑚×1+ 2𝑚(𝑚−1)×2
  

 

Proof 

 

Let 𝐹𝑚 be a Lehmer three mean graph. 
 

𝐻(𝐺) = ∑
1

𝑑𝐺(𝑥, 𝑦)
𝑥,𝑦∈𝑣(𝐺)

 

=
1

𝑑(𝑣1, 𝑣2) + 𝑑(𝑣1, 𝑣3) + ⋯+ 𝑑(𝑣1, 𝑣2𝑚+1) + 𝑑(𝑣2, 𝑣3) + 𝑑(𝑣2, 𝑣4) + ⋯+ 𝑑(𝑣2, 𝑣2𝑚+1) + ⋯

+𝑑(𝑣2𝑚−1, 𝑣2𝑚) + 𝑑(𝑣2𝑚 , 𝑣2𝑚+1)

 

=   
1

3𝑚×1+ 2𝑚(𝑚−1)×2
  

𝐻(𝐺) =
1

3𝑚 × 1 +  2𝑚(𝑚 − 1) × 2
 

 

Example 

 

Harary index of Friendship graph 𝐹4 is given below 

 

𝐻(𝐺) = ∑
1

𝑑𝐺(𝑥, 𝑦)
𝑥,𝑦∈𝑣(𝐺)

 

=
1

{
(1 + 1 + 1 + 1 + 1 + 1 + 1 + 1) + (1 + 2 + 2 + 2 + 2 + 2 + 2) +

(2 + 2 + 2 + 2 + 2 + 2) + (1 + 2 + 2 + 2 + 2) + (2 + 2 + 2 + 2) + (1 + 2 + 2) + (2 + 2) + 1
}

 

=
1

12 × 1 +  24 × 2
 

𝐻(𝐺) =
1

3𝑚 × 1 +  2𝑚(𝑚 − 1) × 2
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Theorem 

Let F-tree F(𝑃𝑚) be a Lehmer three mean graph ,then harary index of  F(𝑃𝑚) is 

 𝐻(𝐺) =
1

∑ (𝑚+1)𝑗+𝑚(3)+2
𝑗=1 ∑ ∑ (𝑚−𝑘)𝑗𝑚

𝑗=4
𝑚−1
𝑘=2

  

 

Proof 

 

Let 𝐹(𝑃𝑚) be a Lehmer three mean graph. 
 

𝐻(𝐺) = ∑
1

𝑑𝐺(𝑥, 𝑦)
𝑥,𝑦∈𝑣(𝐺)

 

=
1

𝑑(𝑣1, 𝑣2) + 𝑑(𝑣1, 𝑣3) + ⋯+ 𝑑(𝑣1, 𝑣𝑚+2) + 𝑑(𝑣2, 𝑣3) + 𝑑(𝑣2, 𝑣4) + ⋯+ 𝑑(𝑣2, 𝑣2𝑚+1) + ⋯

+𝑑(𝑣𝑚, 𝑣𝑚+1) + 𝑑(𝑣𝑚+1, 𝑣𝑚+2) + 𝑑(𝑣𝑚 , 𝑣𝑚+2)

 

=
1

∑ (𝑚 + 1)𝑗 + 𝑚(3) +2
𝑗=1 ∑ ∑ (𝑚 − 𝑘)𝑗𝑚

𝑗=4
𝑚−1
𝑘=2

 

𝐻(𝐺) =
1

∑ (𝑚 + 1)𝑗 + 𝑚(3) +2
𝑗=1 ∑ ∑ (𝑚 − 𝑘)𝑗𝑚

𝑗=4
𝑚−1
𝑘=2

 

 

Example 

 

Harary index of Friendship graph 𝐹7 is given below 

 

𝐻(𝐺) = ∑
1

𝑑𝐺(𝑥, 𝑦)
𝑥,𝑦∈𝑣(𝐺)

 

=
1

{
(1 + 2 + 3 + 4 + 5 + 6 + 6 + 7) + (1 + 2 + 3 + 4 + 5 + 5 + 6) +

(1 + 2 + 3 + 4 + 4 + 5) + (1 + 2 + 3 + 3 + 4) + (1 + 2 + 2 + 3) + (1 + 1 + 2) + (2 + 1) + 3
}

 

=
1

8 × 1 +  8 × 2 + 7 × 3 + 5 × 4 + 4 × 5 + 3 × 6 + 1 × 7
 

𝐻(𝐺) =
1

∑ (𝑚 + 1)𝑗 + 𝑚(3) +2
𝑗=1 ∑ ∑ (𝑚 − 𝑘)𝑗𝑚

𝑗=4
𝑚−1
𝑘=2

 

 

Theorem 
 

Let Bistar 𝐵𝑚,𝑚 be a Lehmer three mean graph,then harary index of 𝐵𝑚,𝑚 is 𝐻(𝐺) =
1

(2𝑚+1)×1+ 𝑚(𝑚+1)×2+𝑚2×3
  

 

Proof 

Let 𝐵𝑚,𝑚be a Lehmer three mean graph. 

 

𝐻(𝐺) = ∑
1

𝑑𝐺(𝑥, 𝑦)
𝑥,𝑦∈𝑣(𝐺)

 

=
1

(𝑑(𝑣, 𝑢) + 𝑑(𝑣, 𝑣1) + 𝑑(𝑣, 𝑢2) …+ 𝑑(𝑣, 𝑣𝑚) + 𝑑(𝑢, 𝑣𝑚)) + (𝑑(𝑢, 𝑢1) + 𝑑(𝑢, 𝑣2) + ⋯+ 𝑑(𝑢, 𝑣𝑚)) + ⋯

+𝑑(𝑢𝑚−1, 𝑣𝑚) + 𝑑(𝑣𝑚, 𝑢𝑚)
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=   
1

(2𝑚+1)×1+ 𝑚(𝑚+1)×2+𝑚2×3
  

𝐻(𝐺) =
1

(2𝑚 + 1) × 1 +  𝑚(𝑚 + 1) × 2 + 𝑚2 × 3
 

 

Example 

Harary index of Friendship graph 𝐵3,3 is given below 

 

𝐻(𝐺) = ∑
1

𝑑𝐺(𝑥, 𝑦)
𝑥,𝑦∈𝑣(𝐺)

 

=
1

{
(1 + 1 + 2 + 1 + 2 + 1 + 2) + (2 + 1 + 2 + 1 + 2 + 1) +

(3 + 2 + 3 + 2 + 3) + (3 + 2 + 3 + 2) + (3 + 2 + 3) + (3 + 2) + 3
}

 

=
1

7 × 1 +  12 × 2 + 9 × 3
 

𝐻(𝐺) =
1

(2𝑚+1)×1+ 𝑚(𝑚+1)×2+𝑚2×3
  

 

Theorem 

Let Y-tree 𝑌𝑚+1 be a Lehmer three mean graph ,then harary index of  𝑌𝑚+1 is 

 𝐻(𝐺) =
1

∑ (𝑚+1)𝑗+2
𝑗=1 ∑ ∑ (𝑚−𝑘)𝑗𝑚

𝑗=3
𝑚−1
𝑘=1

  

Proof: 

Let 𝑌𝑚+1 be a Lehmer three mean graph. 

 

𝐻(𝐺) = ∑
1

𝑑𝐺(𝑥, 𝑦)
𝑥,𝑦∈𝑣(𝐺)

 

=
1

{(𝑑(𝑣1, 𝑣2) + 𝑑(𝑣1, 𝑣3) + ⋯+ 𝑑(𝑣1, 𝑣𝑚) + 𝑑(𝑣1, 𝑢)) + 𝑑(𝑣2, 𝑣3) + 𝑑(𝑣2, 𝑣4) + ⋯+ 𝑑(𝑣2, 𝑣2𝑚+1) + ⋯

+𝑑(𝑣𝑚, 𝑣𝑚+1) + 𝑑(𝑣𝑚+1, 𝑣𝑚+2) + 𝑑(𝑣𝑚, 𝑣𝑚+2)

 

=
1

∑ (𝑚 + 1)𝑗 +2
𝑗=1 ∑ ∑ (𝑚 − 𝑘)𝑗𝑚

𝑗=3
𝑚−1
𝑘=1

 

 

Example 

Harary index of Friendship graph 𝑌9+1 is given below 

 

𝐻(𝐺) = ∑
1

𝑑𝐺(𝑥, 𝑦)
𝑥,𝑦∈𝑣(𝐺)

 

=
1

{
 
 

 
 

(1 + 2 + 3 + 4 + 5 + 6 + 6 + 7 + 8 + 9 + 9) +
(1 + 2 + 3 + 4 + 5 + 5 + 6 + 7 + 8 + 8) +
(1 + 2 + 3 + 4 + 4 + 5 + 6 + 7 + 7) +

(1 + 2 + 3 + 3 + 4 + 5 + 6 + 6) + (1 + 2 + 3 + 4 + 5 + 5)

+(1 + 2 + 3 + 4 + 4) + (1 + 2 + 3 + 3) + (1 + 2 + 2) + (1 + 1) + 2}
 
 

 
 

 

=
1

10 × 1 +  10 × 2 + 8 × 3 + 7 × 4 + 6 × 5 + 5 × 6 + 4 × 7 + 3 × 8 + 2 × 9
 

𝐻(𝐺) =
1

∑ (𝑚 + 1)𝑗 +2
𝑗=1 ∑ ∑ (𝑚 − 𝑘)𝑗𝑚

𝑗=3
𝑚−1
𝑘=1
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