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Introduction

In [6] the authors proved the following direct estimate for Bernstein operator:

f@) = B )@ < Cola (20 )  xel=[01] (1)

in which ¢:[0,1] = R is an admissible step weight function for details about ¢ see
[9].

If 2=0 in (3.1) we get classical local estimate while when A=1 we get global norm
estimate developed by Ditzian and Totik. So (3.1) fill the gap between the local
and global approximation theorems for the Bernstein operator. Such result for
polynomial approximation for details see [7,8 and 14]

Inequality (3.1) show that the error f(x) — (B,f)(x) is bounded pointwise by
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1 a
C (n_iqo(x)l_’l) if wil(f, &) = 0(6% and a € [0,2].

In [5,16] the authors proved the converse result also true.
wia(f, §) = 0(6%) can be estimated in terms of the Bernstein operator that is the

equivalence

() = (Buf) () =
o((£.nie@ ) ) & wia(f,8) = 06
Holds whenever ae(0,2) and 4 € [0,1] .

We mean by g = 0(f) that g < ¢(f) for some constant C.
in [10] (1) can be considered as a further estimate for the general estimate

()~ (BN < Cola(fin7 29) ()

x € [0,1] where ¢:[0,1] > R is an admissible step_weight function of the Ditzian
_Totik modulus [9] and @? is a concave function.
(2) improve meet of (1) if @ is replaced by ¢*, 1 € [0,1] .

In [10] the authors proved inverse result to (2) for x € (0,2) i.e.

IFGO) = (Bof)X)] < G (n‘§ %)a x€[01] n=123 ..

Implies (L)Z)Z.(f ,8) < C,(89) if, in addition ¢?/@? is concave which is satisfied for ¢ =
@* , 1€ [0,1] in particular.

Auxiliary Results

Here we introduce our auxiliary results that we need in our proof. We can
modify a result in [15] to obtain the following Lemma.

In [15], the author used g, as a positive function with integral equal to 1
and @ is any weight function.

Lemma 2.1 [15]

td? (@*(x))’
fo o7 gn(x,u) < c(p) (4 t—

2 (@r(zx) fol [QZ(;C)) — (=0 =2 °gnlx, u)du)>

<M

and M must be an absolute constant independent of n and x.
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Lemma 2.2 [15]

(t —x)?
P Q2(x)

< [lo*g'

[g©e-as

Lemma 2.3 [9]

For f€L,(J]) ,0<p < we have
wo(f,8)p = KG(f,6%),

Lemma 2.4{6]

h h
A2 (D) (x) = jhfhf (x+ s+ t)ds dt
2z

The Main Results

In this paper we prove direct estimates for the approximation of function in
Lp 0<p<1 space using positive linear operator. and for pointwise linear
operator. Also, we estimate inverse result for positive linear approximation.

Define

£8), =0 |lf h_f h
Wo(68)p = | < 5| O+ 0605~ fx = 00O
1=1[01]

Where X+ X2 ,x+ex)LEl
~ sup
X, Xx+@xhel

For the equivalence of w,(f,d) ,and @,(f,6) , see [D.T] [9]
Now let us prove our first main result:

Theorem 3.1

Let f € Lpp) and @:[0,1] » R be step function let
Ap: Lppo1) = Lppoy sn € N be bounded positive linear operators so that
. n
A < —— , 3
[|(4nf) (x)||p < C(p)(pz(x) 11, (3)
for x € [0,1] ,f € Lpjoq), and
12*4ng)" ||, < c@2?g" I, )
where 02, ¢? and @?/ @? are concave function on [0,1] and « € (0,2). Then for f €
Lppo,1] ,the pointwise approximation
1 a
If =A@l <c@) (n222) n=12.. . (5
implies
w3 (f,8), <c(®)§*  §>0.



Proof
Let x,h €[0,1] so that x+h € [0,1] and let

BaH) =fx+h)-2f()+flx—h).

and

12 AL = 142 (f — 4y + Al
(@ ¢ ~ 4@ + @ AN
1 1 % 1 1 %
<2 (f |(Aﬁ(f—Anf)(x)|p) + 20 (f |(A%;Anf)(x)|p). ©)
0 0

1(@% F = 4P, = 10 = A Cx + h) = 2(f = A () + (f = A)(x = W),
< 2™ (I = A G + Wl + 21 = 4D, + I1(f = A) (x = W)l

Using (5) we obtain

@(x +h) PC\*  [olx— R\ _a
It ¢ -anol, =2 ((57) +2(55) + (5a=p) )
_afpx)
< c(pn 2(m> . ™)

Using Lemma 2.3 wj(f,8),and  K2(f,6%), are equivalent a

c; K3(f, 6%, < wi(f,8), < i Ki(f,6%),

where ¢; and ¢, are absolute constants.

K3(f,6%p = If = gll, + 821029 < cwf (£, ),
If = gll, <AwG(f,8),,  [|0%g'[|, < B 67%wg (f,8),.

From (3) and (4) we obtain

AN DI, < ll4x F =9 ) + A DO,

<2 ( f |4, "(f—g)(y)lp)p+ 2 ( f |(An"g)<y)|”)p

1 "
<c®) ——If —gll, + cp) @2() l2*gl,

-2

2( )
=c(p)

8 .
L ol + <) 7oy 10l

C(p) ( Z(y) @2(3/)52) (P(f 62)1”
= c®) (525 * s2052) @6 (50 (8
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Using Lemma 2.4, we obtain

h/z hjz
(A% AP, = ‘ (4, f)(x + s+ t)dsdt
~h/2J~h/2
Since A, is bounded operators
1
1| rh/2 rh/2 ) P 7
= <f (4, H(x + s+ t)dsdt dx)
o |/=ns27-ns2

1 »

1A} Anf) ()l < ¢ U |n? An“(f)(x)|p> ,
0

Then using (8) we obtain

1
620%(x)

2 2 n 2
183 4,N)Cy < eI (s + ) w3 (f.8),

Using (6) we get

nh? h?

P\ _a N
p?(x)  6%0%(x)

1A% An )l < () <—) n’z+ (

) s

This implies
a h?
wg (f,8), < c(p) (62 +(5+ ﬁ)>
< c(p) 6%.
Notations and Defines

Define the sequence of operators:

b
Qu (f(x)) = f I, x)f(wWdu  ,a,b€ER, n€N (9)

Such that

gn(u, x) is positive for any x € [a, b]
and
fabgn(u,x) du=1 foranyneN

Also, we need to define

d n
agn(u,x)=ﬁgn(u,x) (u—x) ,NEN



12075
where @ is a step weight function.
we use Ly, = {f:[a,b] > R: f,f" € Lyjoq) } which is called 2—fold L, space
Proposition 3.2

Lf g € L}y, then for every function @ : [0,1] - R there exists M > 0
12?Gng) ||, <Mlle*g’||, .neN
Where M is an absolute constant.

Proof
By Taylor’s formula we have

(Gng)’
1 dZ
- [ |5 onen

=f01

Because

(g(x) +g@u—x) + f (u—s)g (x)ds ) du

dZ u "
<f (u—s)g (x)ds ) du

i 1 dZ
Fel gn(u,x)] (g(x) + g (x)(u—x)) du+f [W In (U, x)
0

1l a? .
f [W gn(u, x)] (u—x)du=0 for i=0,1
0

we obtain

" 11 d? # "
@) = [ |z gnwn)] [ w9 as au
0 x

2 " —
lo* (G, =

1 42 u .
00 [ 2z [ =g dsdu
0 x

P

1 d2 u .
Q)Z(x)j @gn(u, x)J (u—s)g (x)dsdu
0 X

s(f (|¢2(x)|f

By using Lemma?2.2 we get
l0° G || < ( | (|¢2(x)| |
s(f (|@2(x)g"(x)|f

Using Lemma 2.1 and bounded ness of g ,we
Obtain

d2
@gn(u. x)

P

P 1/p
du) dx)

p
du) dx>

1/p

f “ = $)g"(ds

1/p

(u—s)?
02 (x)

P
[(u - s)? Idu) dx)

‘ 92(x)g (x)

d2
@gn(u. x)

d2
@gn(u. x)
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1/p

102 (Gag)’ ||p <M (f (|(z)2(x)g"(x)|)pdx)
0 "
= M|¢%g ||,

Theorem 3.3

Let G, ,n € N ,be exponential type operator

1
Gof) = f g.wOf@de  nEN

2
Lf 2, 9% and % are concave function on [0,1] then for f € Lo
and 0 < a < 2 the statements

1) IfG) = Ga ANl = 0 (2 %)a)

2) w3 (f,.8)p=0(") ,6>0,

are equivalent.

Proof

Using Theorem 3.3.4, we obtain

n

1@ N, < c®) G

£ 1l-

By Theorem 3.3.4 and Proposition 3.3.6 we get
1)Implies (2) and (2) implies (1)

Conclusion

for a function f € L, ,0 < p <1, we can find a positive and linear approximation
if f is positive and linear.
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